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The hadronic mechanism which leads to chiral symmetry restoration is explored in the context
of the ρπa1 system using Massive Yang-Mills, a hadronic effective theory which governs their mi-
croscopic interactions. In this approach, vector and axial-vector mesons are implemented as gauge
bosons of a local chiral gauge group. We have previously shown that this model can describe the
experimentally measured vector and axial-vector spectral functions in vacuum. Here, we carry the
analysis to finite temperatures by evaluating medium effects in a pion gas and calculating thermal
spectral functions. We find that the spectral peaks in both channels broaden along with a noticeable
downward mass shift in the a1 spectral peak and negligible movement of the ρ peak. The approach
toward spectral function degeneracy is accompanied by a reduction of chiral order parameters, i.e.,
the pion decay constant and scalar condensate. Our findings suggest a mechanism where the chiral
mass splitting induced in vacuum is burned off. We explore this mechanism and identify future
investigations which can further test it.
I. INTRODUCTION
Chiral symmetry is a basic symmetry of quantum chro-
modynamics (QCD), the theory of the strong nuclear
force. This symmetry is spontaneously broken in the vac-
uum via the formation of quark condensates. At higher
temperatures, the symmetry is restored as the conden-
sates melt passing through a pseudo-critical region [1, 2]
around Tpc ≃ 160MeV. This behavior is imprinted on the
hadronic spectra when heating up the vacuum. Despite
these well-established properties of QCD, the hadronic
mechanism leading to chiral restoration is not fully un-
derstood to date.
The only in-medium hadronic spectral function which
is experimentally accessible is that of the light vector
mesons, dominated by the ρ, which can be probed via
low-mass dilepton spectra in heavy-ion collisions [3–7].
Theory calculations reveal that the experimental data are
compatible with a ρ melting scenario whereby the spec-
tral peak broadens without a significant shift in its mass,
see, e.g., Refs. [8, 9]. It has been conjectured that this
broadening is an indication of chiral symmetry restora-
tion based on QCD and chiral sum rules [10]. However,
for a definitive assertion of restoration, the in-medium
spectral function of the chiral partner of the ρ, namely
the light axial-vector meson a1, needs to be calculated to
test spectral degeneracy. This spectral function is diffi-
cult to measure experimentally. Thus one is led to study
the ρπa1 system theoretically to establish chiral restora-
tion.
Recent sum rule analyses indicate that the experimen-
tal dilepton measurements are consistent with an ap-
proach towards restoration and spectral degeneracy be-
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tween the vector (V ) and axial-vector (AV ) channels [10].
This degeneracy is imprinted on the a1 spectral function
by a mass shift toward the ρ mass, accompanied by spec-
tral broadening. This analysis suggests a possible mecha-
nism for restoration in the hadronic spectrum. However,
other analyses suggest that the sum rules can be satisfied
in medium without a mass shift or a need to approach
spectral degeneracy [11]. Therefore, it is in order to ex-
plore the mechanism from a microscopic perspective.
A theoretically appealing construction is to imple-
ment the ρ and a1 as the gauge bosons of a local chiral
gauge group [12]. This combines chiral effective theories,
which have had considerable success in describing pion
driven low-energy properties of QCD [13], with the gen-
eral field theoretical concept of gauge symmetries. This
has been realized in two formalisms, Massive Yang-Mills
(MYM) [14] and Hidden Local Symmetry (HLS) [15, 16],
which have been shown to be on-shell equivalent.
Early applications of MYM successfully describe the
tree level masses and decays of the ρ and a1 mesons [14,
17, 18]. These studies were extended to finite tempera-
tures [19–21] revealing a reduction of the a1 mass along
with an increase in the ρ mass. However, these calcu-
lations do not survive the scrutiny of a loop calculation
needed to determine the vacuum spectral functions which
have been experimentally measured with high precision
through τ leptons decaying into multi-pion states [22, 23].
An in-medium mass reduction in the a1 spectral function
is also compatible with the HLS framework [24], though
a satisfactory description of vacuum spectral functions
has not yet been demonstrated either.
The complications in describing the vacuum spectral
functions with MYM and HLS triggered investigations
which abandon the local implementation of the gauge
group in favor of a global one [25–27]. These models
have also been extended to include temperature effects;
using a loop expansion, a broadening of the ρ spectral
peak without a mass shift was found in Ref. [28], whereas
2Ref. [29], using a 2-particle irreducible truncation scheme
for the in-medium masses, found a slightly increasing ρ-
mass to degenerate with a dropping a1-mass above the
critical temperature.
In a recent work, we have re-evaluated MYM as an
effective theory to describe the light-meson chiral prop-
erties, and were able to overcome the initial difficulties
associated with the vacuum spectral functions [30]. This
was made possible by two critical ingredients: a fully
dressed ρ propagator in the calculation of the a1 self-
energy, and the inclusion of a chirally invariant contin-
uum. In the present paper, motivated by this develop-
ment and the theoretical appeal of MYM, we implement
this approach in a finite-temperature pion gas, examin-
ing the medium modifications of the spectral functions to
deduce information on the hadronic mechanism of chiral
restoration.
Our paper is organized as follows. In Sec. II, we briefly
introduce MYM. In Sec. III, we recall our strategy of
implementing a broad ρ spectral function into the vac-
uum MYM framework, and extend our earlier work to
the linear σ model and with further applications to vac-
uum observables. In Sec. IV, the in-medium ρ and a1
spectral functions are calculated including polarization
and 3-momentum dependencies. In Sec. V, we illustrate
and quantify the progression towards chiral symmetry
restoration by computing the pion decay constant and
the scalar condensate. In Sec. VI, we conduct a more
general discussion on the mechanism of chiral restora-
tion in light of our and related works on the subject, and
identify promising directions of future work. We summa-
rize and conclude in Sec. VII.
II. THE MASSIVE YANG-MILLS
LAGRANGIAN
In the MYM approach [14, 17], the chiral pion La-
grangian is locally gauged under the symmetry group
SU(2)L × SU(2)R. In this paper, we will explore both
the linear and non-linear realization of this symmetry.
The explicit form of the Lagrangian, including the higher
derivative “non-minimal” terms, is given by
LMYM = f˜
2
pi
8
(Tr[DµU
†DµU ] + m˜2piTr[U + U
† − 2])
− 1
2
Tr[F 2L + F
2
R] +m
2
0Tr[A
2
L +A
2
R]
− iξ Tr[DµUDνU †FL +DµU †DνUFR]
+ γ Tr[FLUFRU
†] .
(1)
Implicit in this Lagrangian is a derivative expansion in
the chiral pion fields but not in the gauge fields.
In the non-linear realization, the pion fields are
generated by expanding the ansatz for the field
U=exp [2πi/Fpi] with π = π
aτa/
√
2, where τa are the
Pauli matrices – the generators of the symmetry group.
The gauge coupling, g, figures in the Lagrangian through
the covariant derivative, DµU=∂µU − ig(ALµU −UARµ)
where AµL/R =
(
AµL/R
)a
τa/
√
2. Vector and axial-vector
combinations of the gauge fields are defined as
Vµ = ALµ +ARµ , Aµ = ALµ −ARµ . (2)
The last term in the Lagrangian induces a contribution
to the gauge fields’ kinetic terms which can be absorbed
by a field redefinition. Thus the physical ρ and a1 fields,
ρµ and aµ, are defined as
ρµ = κ
−1
V Vµ aµ = κ
−1
A Aµ (3)
with κV = (1 − γ)−1/2 κA = (1 + γ)−1/2 .
Mass terms, m0 and m˜pi, for the physical fields are added
which explicitly break the gauge and chiral symmetries.
The unphysical aµ∂
µπ coupling is removed by the shift
aµ → aµ + αZpi∂µπ. The physical pion mass and de-
cay constant can then be defined in terms of the La-
grangian couplings and the pion field renormalization,
Zpi, asMpi=Zpim˜pi=139.6MeV and Fpi=f˜pi/Zpi=131MeV
with
Zpi =
(
1− g
2
ρpipiF
2
pi
2M2ρ
)−1/2
. (4)
The coupling to external electro-weak (EW) fields is
accomplished by gauging the fields under the same sym-
metry group as the mesons, with the coupling constant
fixed by the charge of the pion. This includes the ad-
dition of kinetic terms for the EW fields, new chirally
and gauge invariant interactions between the EW and
meson fields of a form similar to the Kroll, Lee, and Zu-
mino coupling [31], i.e., FEWL FL, as well as interactions
of the form of the non-minimal terms. All couplings as-
sociated with the external fields are dictated by gauge
symmetry and related to the parameters in Eq. (1). In
the end, the Lagrangian contains four parameters: the
gauge coupling, g, the bare gauge boson mass, m0, and
two non-minimal couplings, γ and ξ. These can be traded
for the phenomenologically more pertinent parameters of
the single- and triple-derivative ρππ couplings, gρpipi and
g
(3)
ρpipi, and the bare masses of the ρ and a1, Mρ and Ma1 .
Expressing them in terms of the Lagrangian parameters
leads to
gρpipi =
1√
2
gκV ; g
(3)
ρpipi =
4κV ξ√
2F 2piZ
4
pi
− F
2
pig
3
8
√
2m40κV
M2ρ = κ
2
Vm
2
0; M
2
a1 = κ
2
A(m
2
0 +
1
2
g2ρpipiF
2
piZ
2
pi) , (5)
which highlights the chiral splitting between the bare ρ
and a1 masses through the spontaneous symmetry break-
ing represented by the pion decay constant. The interac-
tion vertices of the physical fields are then obtained by
expanding the Lagrangian; they are spelled out in Ap-
pendix A.
3In the linear realization of the pion Lagrangian, an ex-
plicit σ field is kept which may be viewed as resumming a
set of ππ s-wave interactions of the non-linear formalism.
This is achieved by evaluating the Lagrangian in Eq. (1)
with the linear ansatz U =
√
2/Fpi(σI/Zpi+
√
2iπ), where
I is the unit matrix in isospin space. Two additional
Lagrangian terms must be added to describe the scalar
potential
L = − f˜
2
pi
8
(
µ2Tr
[
U †U
]
+
λ
4
f˜2pi Tr
[(
U †U
)2])
. (6)
The potential parameters µ and λ are fixed by the vac-
uum pion and sigma masses, inducing a spontaneous
breaking of the gauge symmetry resulting in a vacuum
expectation value (VEV) for the σ field, σ0, related to
the chiral condensate. The physical σ field is then re-
defined relative to the vacuum, σ → σ + σ0. The VEV
of the σ field is related to the pion decay constant as
σ0 = FpiZpi/
√
2.
While the physical ρ and a1 fields are defined in the
same manner as in the non-linear case, the field renor-
malizations and their masses (as well as the pion renor-
malization, Zpi) can be expressed in terms of the VEV σ0
as
κV,A = (1∓ 2γσ
2
0
F 2piZ
2
pi
)−1/2
Z2pi = 1 +
g2ρpipiσ
2
0
M2ρ
gρpipi = gκV /
√
2 (7)
g(3)ρpipi =
4κV ξ√
2F 2piZ
4
pi
− σ
2
0g
3
4
√
2m40Z
2
piκV
M2ρ = κ
2
Vm
2
0
M2a1 = κ
2
A
(
m20 + g
2
ρpipiσ
2
0
)
.
Evaluating these expressions with the vacuum value for
σ0 results in the same expressions as in the non-linear
case. The relevant vertices of the linear realization are
also given in Appendix A.
III. VACUUM SPECTRAL FUNCTIONS IN THE
VECTOR AND AXIAL-VECTOR CHANNELS
We are interested in the V and AV spectral functions
as probed by an external EW current. The correlators of
these currents are defined as
ΠµνV,A(q
2) = −i
∫
d4x eixq
〈
T ~JµV,A(x)
~JνV,A(0)
〉
. (8)
In each channel, there are two independent polariza-
tion functions, for the 4D-transverse and 4D-longitudinal
components. The correlators can be expressed in terms
of these functions as
ΠµνV,A(q
2) = ΠTV,A(q
2)
(
−gµν + q
µqν
q2
)
+ΠLV,A(q
2)
qµqν
q2
.
(9)
Because of gauge invariance, ΠLV = 0, while Π
L
A plays
an important role in verifying that the chiral properties
inherent in the Lagrangian are maintained once loops are
included.
The current-current correlators with external EW
fields can be constructed from the sum of a direct term
and one which transitions through a resonant meson. For
example, for the V channel, the correlator is comprised
of the photon self-energy, ΣTγ , plus a term which converts
a photon into a ρ meson, ΓTV , propagates the ρ, and fi-
nally converts the ρ back into a photon. This, and the
processes for the AV channels, are depicted diagrammat-
ically in Fig. 1. For the transverse mode, the correlators
are expressed as
ΠTV/A(p
2) = ΣTγ/W (p
2) +
(
ΓTV/A(p
2)
)2
DTV/A(p
2), (10)
with the propagators given by
DTV,A
(
p2
)
=
(
p2 −M2ρ,a1 − ΣTρ,a1
(
p2
))−1
. (11)
The transition functions, ΓTV/A, describe the conversion of
a photon/W boson into a ρ/a1 meson and are comprised
of a contact contribution and a self-energy given by
ΓTV (p
2) =
p2
gρpipi
+Σγρ(p
2), (12)
ΓTA(p
2) =
p2
gρpipi
− gρpipiF
2
piMa1Zpi
2Mρ
+ΣTWa1(p
2). (13)
The V and AV transverse spectral functions are de-
fined in terms of the 4D-transverse current-current cor-
relator associated with the external EW fields, ρTV/A ≡
−ImΠTV/A/π. Due to the gauging procedure, the EW
self-energies can be expressed in terms of the mesonic
self-energies as
ΣTγ =
1
g2ρpipi
ΣTρ (p
2), Σγρ = − 1
gρpipi
ΣTρ (p
2),
ΣTW =
M2ρZ
2
pi
g2ρpipiM
2
a1
ΣTa1(p
2), ΣWa1 = −
MρZpi
gρpipiMa1
ΣTa1(p
2) .
(14)
Using these relations, the spectral functions emerge in
a form suggestive of (axial-) vector meson dominance,
(A)VMD,
ρTV,A(p
2) = −CV,A
π
ImDTV,A(p
2) (15)
with the (A)VMD-like couplings given by
CV =
M4ρ
g2ρpipi
, CA =
M2a1M
2
ρ
g2ρpipiZ
2
pi
. (16)
Note that (A)VMD is not explicitly implemented, but
this structure is a consequence of both the mesons and
4ΠTV/A = +Σ
T
γ/W
γ/W γ/W
ΓTV/A Γ
T
V/A
γ/W γ/Wρ/a1
ΠLA
= + +ΣLW
W W
ΓLA Γ
L
A
W Wa1
F F
W Wpi
;
FIG. 1: Schematic depiction of the contributions to the EW current-current correlators. The bold lines in the center indicate
fully resummed propagators.
= +Σpi Σpipi Σapi Σapi
pi pi pi pi pi pia1
ΣLa
= +
a1 a1 a1 a1
FIG. 2: Schematic depiction of the contributions to the pion
and a1 self-energies, Σpi , Σ
L
a1 . The bold a1 line represents a
resummed a1 propagator in the longitudinal channel.
external fields being employed as gauge bosons of the
same gauge group.
The 4D-longitudinal AV polarization function can be
constructed in a manner similar to the transverse mode
but with intermediate a1 and π propagators (cf. Fig. 1),
ΠLA(p
2) = ΣLW (p
2) +
(
ΓLA(p
2)
)2
DLA(p
2)
+
p2F 2pi
2
F 2(p2)Dpi(p
2) .
(17)
The propagators read
DLA(p
2) = [M2a1 − ΣLa1(p2)]−1, (18)
Dpi(p
2) = [p2 −M2pi − Σpi(p2)]−1 , (19)
while the pion self-energy, Σpi, contains a direct contri-
bution and one with an intermediate a1 propagator,
Σpi(p
2) ≡ Σpipi(p2) + p2Σ2api(p2)DLA(p2) , (20)
see Fig. 2. The transition functions, ΓLA and F , where
the latter connects the W boson to the pion, are given
by:
ΓLA(p
2) =
gρpipiF
2
piZpiMa1
2Mρ
+ΣLWa1(p
2),
F (p2) = 1−
√
2
Fpi
ΣWpi(p
2)
+
√
2
Fpi
DLA(p
2)ΓLA(p
2)Σapi(p
2).
(21)
A spectral function can also be defined for the 4D-
longitudinal AV polarization function: ρLA = −ImΠLA/π.
As with the transverse mode, because of the the gauge
symmetry, the EW self-energies can be expressed in
terms of the meson self-energies,
ΣLW (p
2) =
M2ρZ
2
pi
g2ρpipiM
2
a1
ΣLa1(p
2),
ΣLWa1(p
2) = − MρZpi
gρpipiMa1
ΣLa1(p
2),
ΣWpi(p
2) =
MρZpi
gρpipiMa1
Σapi(p
2) .
(22)
This allows the spectral function to be written in a com-
pact form in terms of the longitudinal a1 propagator and
the π propagator,
ρLA(p
2) = −CA
π
ImDLA(p
2)− p
2F 2pi
2π
Im
[
Dpi(p
2)F 2(p2)
]
.
(23)
The coupling constant CA is the same as above, and F
is expressed in condensed form as
F (p2) = 1−
√
2
Fpi
C
1/2
A Σapi(p
2)DLA(p
2) . (24)
In all expressions above, Σapi denotes the self-energy as-
sociated with the transition between the a1 and π states.
To calculate the ρ and a1 self-energies, we perform a
loop expansion in addition to the derivative expansion
associated with the Lagrangian, thereby including the
diagrams depicted in Fig. 3. In the linear realization,
the explicit σ field precipitates the additional diagrams
depicted in Fig. 4 for the V and AV channels. In both re-
alizations, the πa1 loop contribution to the ρ self-energy
is not included, as we have verified that it’s contribution
to the vacuum spectral functions is negligible [30]. This
then requires a modification of the ρρππ vertex coupling
in the π-tadpole diagram in order to preserve gauge in-
variance. The self-energies, Σpipi and Σapi, are determined
from the same diagrams as used in the AV channel with
the appropriate external legs.
The loop integrals are rendered finite by dimensional
regularization with the inclusion of suitable counter-
terms. The latter are based on terms already present
in the Lagrangian, thus preserving the chiral symme-
try. Because of the momentum dependence of the di-
vergences, higher derivative Lagrangian terms are also
needed for the counter-terms. For the non-linear realiza-
tion the counter-term Lagrangian needed to regulate the
5ρ ρ
ρ ρ
pi
pi
pi
ρ ρ
a1 a1
a1 a1
pi
pi
ρ
a1a1
FIG. 3: Feynman diagrams for the ρ (upper row) and a1
(lower row) self-energies; crosses denote counter-terms.
a1 a1
σ
a1 a1
a1
σ
a1 a1
pi
σρ ρ
σ
ρ ρ
ρ
σ
FIG. 4: Additional diagrams contributing to the V and AV
self-energies due to the inclusion of an explicit σ field.
V and AV self-energies is given by:
LCT = f˜
2
pi
8
(
δZ(2)pi Tr[DµU
†DµU ]
+
1
4
δZ(4)pi Tr
[(
DµDνU
† +DνDµU
†
)
× (DµDνU +DνDµU)]
+ δm2piTr[U + U
† − 2]
)
− 1
2
δZ
(2)
A Tr[F
2
L + F
2
R]
+ δZ
(4)
A Tr
[
DµFLµνDλF
λν
L +D
µFRµνDλF
λν
R
]
+ δZ
(6)
A Tr
[
DµD
λFLλνD
µDσF
σν
L
+DµD
λFLλνD
νDσF
σµ
L
+DµD
λFRλνD
µDσF
σν
R
+DµD
λFRλνD
νDσF
σµ
R
]
+ δγ(2) Tr[FLUFRU
†]
+ δγ(4)Tr
[
DµFLµνUD
λFRλνU
†
]
+ δγ(6)Tr
[
DµDλFLλνUDµDσF
σν
R U
†
+DµDλFLλνUD
νDσFRσµU
†
]
,
(25)
where
DµFλν = ∂µFλν − ig [Aµ, Fλν ] ,
DµDλFνσ = ∂µ (DλFνσ)− ig [Aµ, DλFνσ] . (26)
This can be expanded in terms of the physical fields as
described for the MYM Lagrangian. The terms relevant
for the self-energies are detailed in Appendix B. In the
linear realization, we must add the counter-terms akin to
pi
pi pi pi pi
piρ
ρ
ρpi
pi
pi
FIG. 5: Vertex correction diagrams needed to recover PCAC
in the presence of a pion-dressed ρ propagator. The exter-
nal legs represent a1 or π to generate the self-energies Σij .
The first three diagrams show the corrections to the left-hand
vertex while the complete set includes the corrections to the
right-hand vertex and to both simultaneously.
the scalar potential
LCT = − f˜
2
pi
8
(
δµ2Tr
[
U †U
]
+ δλ
f˜2pi
4
Tr
[(
U †U
)2])
,
(27)
whose parameters are chosen so that the vacuum loop
contribution from the lollipop diagrams in Fig. 11(c) is
zero. This is equivalent to preventing the vacuum masses
to be renormalized by these diagrams.
Each counter-term coupling has an infinite contribu-
tion needed to cancel off the divergences from the loops
and a finite contribution, e.g. δZ
(2)
pi = δZ
(2)∞
pi + δ¯Z
(2)
pi
The finite contributions of the terms δmpi, δZ
(2)
pi , and
δZ
(4)
pi are determined by requiring that Mpi and Fpi are
renormalized to their physical values. This is achieved by
implementing the conditions Σpipi(M
2
pi) = 0, Σ
′
pipi(M
2
pi) =
0, and Σa1pi(M
2
pi) = 0. The remaining six counter-term
couplings are used to fit the vacuum spectral functions
to experiment.
As discussed in Ref. [30], we find that an agreement
with the data can be achieved when the finite width
of the ρ is included in the calculation of the a1 self-
energy. This is done by using the fully resummed ρ
propagator in the a1 self-energy’s πρ loop. However,
this alone compromises the chiral properties at loop level
which can be checked by employing a generalized form of
PCAC [25, 32], ∫
ρLA
s
ds =
F 2pi
2
. (28)
We have verified that this equation is exactly satisfied for
a zero-width ρ in the chiral limit (Mpi = 0), facilitated
by the following relations between the self-energies ΣLa1 ,
Σapi, and Σpipi,
ΣLa1 =
F 2pi
2
M4a1
CA
Σpipi
p2
, Σapi =
Fpi√
2
M2a1
C
1/2
A
Σpipi
p2
. (29)
For finite pion mass, deviations to these relations at order
O(M2pi) develop due to pion tadpole contributions.
Using a broad ρ in the loops of the AV channel cre-
ates violations of Eq. (29) even in the chiral limit, upon
integrating over the invariant-mass distribution of the ρ.
It turns out that PCAC can be restored by including the
vertex correction diagrams to the axial-vector self-energy
6shown in Fig. 5. These are constructed such that a sub-
diagram which is part of the vertex correction has the
same structure as the diagrams in the ρ self-energy. Thus
note that in the far right diagram, the 2 pions are in a
relative P -wave to mimic a ρ meson. In order to recover
the necessary relations between the self-energies, the cou-
plings between the external a1/π and the 3π (first and
last diagram in Fig. 5) and ρ3π states (second diagram
in Fig. 5), as well as the counter-terms (third diagram in
Fig. 5), must be judiciously chosen, different from their
Lagrangian values. This is expected since the full ρ prop-
agator is only a partial resummation. The deviation of
the couplings from their Lagrangian values appropriately
captures this resummation. More details on how this is
implemented can be found in Appendix C.
With the use of the resummed ρ propagator and ac-
companying vertex corrections, a new divergence is intro-
duced into the a1 self-energy which needs to be regulated.
The problem arises from the fact that the sub-loops which
are similar to the ρ self-energy grow as M6 for large in-
variant ρ masses due to higher derivatives in the cou-
plings. This growth, especially in the vertex corrections,
is not compensated by the propagators resulting in diver-
gent diagrams. To regulate these a1 self-energy contribu-
tions in the spirit of effective field theory, we introduce a
hard cut-off on the invariant ρmass when integrating over
the ρ spectral function by means of a dispersion relation,
as detailed in Appendix C. The cut-off characterizes the
scale where the theory breaks down, while the resulting
vertex corrections still satisfy the relations of Eq. (29),
thus preserving the chiral symmetry. We set the cut-off
to Λcut = 1.5GeV, based on the mass range where the
AV width starts to grow rapidly (larger values still allow
fits of similar quality to the τ -decay data, but become
increasingly sensitive to the higher derivative terms).
Before turning to the fit of the vacuum V and AV spec-
tral functions using the ρ and a1 propagators from MYM,
two further ingredients beyond MYM are needed for a de-
scription of the data toward higher energies. The first is a
contribution from the high-energy continuum, which sat-
urates at a level corresponding to the perturbative quark-
antiquark limit. Following our previous work [30, 33], we
adopt a chirally invariant continuum, i.e., identical for
the two channels, with a functional form [34]
ρcont(s) =
1
8π2
(
1 +
αs
π
) s
1 + exp[(E0 −
√
s)/δ]
, (30)
which gradually ramps up to the expected high-energy
perturbative limit. The second contribution is from the
excited states, ρ′ and a′1 which we include through a
phenomenological Breit-Wigner resonance ansatz. These
states chiefly represent 4- and 5-pion states coupling
through resonant states, not captured by the MYM
framework nor by the continuum. This is quite evident
from the data in the V channel, but more subtle in the
AV channel. Thus, the ρ′ can be straightforwardly fitted
to the data, while a′1 can be inferred from a quantitative
analysis of Weinberg sum rules (WSRs), in the spirit of
ALPEH 2nΠ data
ALPEH 2Π data
Total vector SF
Ρ SF
Ρ' SF
continuum
æ
á
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.00
0.02
0.04
0.06
0.08
s HGeV2L
Ρ
V
Hs
L
s
ALPEH 2Hn+1LΠ dataæTotal AV SF
Total a1 SF
Total a1 SF
continuum
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.000
0.005
0.010
0.015
0.020
0.025
0.030
s HGeV2L
Ρ
AH
sL
s
FIG. 6: Spectral functions in the vector (upper panel) and
axial-vector (lower panel) channels as calculated from our
MYM approach in non-linear realization (dashed lines), sup-
plemented with a chirally invariant continuum (dotted lines)
and first excited states (dash-dotted lines) [33], compared to
hadronic τ -decay data [22].
Ref. [33]. Clearly, the continuum and the resonant states
cannot be uniquely separated.
Our final fit to the experimental spectral distributions
as measured via hadronic τ decays by the ALEPH col-
laboration [22] is displayed in Figs. 6 and 7 for the non-
linear and linear realization, respectively. The values of
the Lagrangian parameters used in the spectral function
fits are listed in Table I while the values for the finite
contribution to the counter-terms can be found in Ta-
ble II. We note that M2ρg
(3)
ρpipi is small compared to gρpipi
as required for a meaningful derivative expansion of the
effective theory. The same can be said for the counter-
terms when noting that the relevant energy scale of δZ
(4)
pi
is Mpi rather than Mρ as with the other couplings. For
the linear realization, the mass of the σ field is needed,
which was determined to be Mσ = 0.80 GeV. In both
realizations the cut-off scale is set to Λcut = 1.5GeV
and the continuum parameters (αs=0.5, E0=1.55GeV
and δ=0.22GeV) have been slightly varied compared to
Ref. [33] to optimize the fit.
Our fit within the loop-augmented MYM to the vac-
uum AV spectral function presented here implies several
specific features. One of them is illustrated in Fig. 8
7gρpipi g
(3)
ρpipi Mρ Ma1 Mσ Λcut αs E0 δ
Non-Linear 6.01 0.02 0.86 1.20 – 1.5 0.5 1.55 0.22
Linear 6.36 -0.57 0.92 1.26 0.8 1.5 0.5 1.55 0.22
TABLE I: Parameters used to obtain the vacuum fits to the experimental spectral functions in the vector and axial-vector
channels in Figs. 6 and 7. The masses, cutoff and continuum parameters (E0, δ) are in units of GeV, g
(3)
ρpipi in GeV
−2.
δZ
(2)
A δZ
(4)
A δZ
(6)
A δγ
(2) δγ(4) δγ(6) δZ
(2)
pi δZ
(4)
pi δmpi
Non-Linear 1.91 0.54 -0.06 1.76 -0.31 -0.08 1.94 14.70 0.06
Linear 1.14 0.72 -0.10 0.92 -1.13 0.19 1.14 10.06 0.05
TABLE II: Counter-term parameters used to obtain the vacuum fits to the experimental spectral functions in the vector and
axial-vector channels in Figs. 6 and 7. δZ
(4)
A , δγ
(4), and δZ
(4)
pi are in units of GeV
−2; δZ
(6)
A and δγ
(6) are in units of GeV−4,
and δmpi is in units of GeV.
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FIG. 7: Spectral functions in the vector (upper panel) and
axial-vector (lower panel) channels as calculated from our
MYM approach in linear realization (dashed lines), supple-
mented with a chirally invariant continuum (dotted lines)
and first excited states (dash-dotted lines) [33], compared to
hadronic τ -decay data [22].
where the “width” of the a1, Γa = −ImΣa(s)/
√
s, is
plotted as a function of energy. In the vicinity of the
resonance peak, s ≃ 1 − 1.5GeV2, it amounts to about
100-150MeV, quite a bit smaller than the “apparent”
width of the peak of ∼300-400MeV. In order to generate
sufficient spectral strength across the peak region, the
real part of the a1 self-energy needs to be tuned such
that the real part of the inverse of the a1 propagator,
s − M2a1 − ReΣa1 , stays in the vicinity of zero over an
extended range in energy, cf. Fig. 9. This results in the
spectral function being effectively given by 1/ImΣTa1 , gen-
erating the necessary spectral strength through a suffi-
ciently small ImΣa1 across the peak region. The remain-
ing ∼10% peak strength is provided by the low-energy
tails of the continuum and/or a′1 resonance, implying
them to have non-vanishing 3-pion components (exper-
imentally the peak region is known to be saturated by
3-pion states). As we already indicated in our previous
work [30], this construction is dictated by the lack of
strength in the AV coupling, CA, which is fixed by the
gauge principle, i.e., it cannot be adjusted independently
from the V coupling. Within the basic MYM setup, such
a construction appears to be unavoidable; it is present in
both non-linear and linear realiziations of chiral symme-
try, although somewhat less pronounced in the latter [52].
Earlier works which considered a global gauge symmetry
do not have this feature as their couplings controlling
the spectral height decouple in the V and AV channels.
We will come back to this issue below, i.e., in how far
it affects the robustness of the predictions for the finite-
temperature spectral functions. As mentioned above, the
strong growth of the width beyond s = 2GeV2, which
is also common to both realizations, indicates the break-
down of the effective theory and is the basis for our choice
of the sharp cut-off when integrating over pertinent spec-
tral functions.
To further test the vacuum model, we calculate ad-
ditional observables, including the radiative a1 decay
width, the D/S ratio of the a1 → ρπ decay, the iso-
vector ππ phase shift, and the pion electromagnetic
(EM) formfactor. The radiative a1 decay is found to
be Γa1→piγ=244keV for the non-linear realization and
42 keV for the linear case; especially the latter is quite
a bit below the available datum extracted from proton-
nucleus collisions, 640±246keV [36]. These are tree-level
results, as the hadronic loops in the current calculation,
which potentially contribute to the radiative decay, van-
ish at the photon point. Additional hadronic loop cor-
rections, which are not included in our scheme, might
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FIG. 8: Imaginary part of the axial-vector self-energy for the
non-linear (solid curve) and linear (dot-dashed curve) realiza-
tion of MYM.
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FIG. 9: Real part of the inverse axial-vector propagator in
vacuum for the non-linear (solid line) and linear (dot-dashed
linear) realizations of chiral symmetry within MYM.
improve the situation, in particular pion exchange dia-
grams as discussed in Ref. [37]. For the D/S ratio of the
a1ρπ decays, loop corrections figure through the broad
ρ and associated vertex correction. When evaluated at√
s = 1.23GeV, we find -0.101 for the non-linear realiza-
tion [53] and -0.052 for the linear realization. The Parti-
cle Data Group reports an average value of 0.062± 0.02
(three out of the four listed measurements are around
-0.12, while the fourth one is at −0.043± 0.01) [38].
In extension of our previous work [30], we here cal-
culate the ππ phase shift and the pion EM formfactor,
|Fpi |2, from our vector correlator and compare them to
data [39–42], in Fig. 10. Both quantities agree reason-
ably well with experiment in both chiral realizations. In
particular, the formfactor below the 2-pion threshold, ex-
tending into the space-like region, is not directly con-
strained by the vacuum spectral functions. The over-
all agreement with these data suggests that the vac-
uum model has reasonably well incorporated the relevant
physics.
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FIG. 10: Upper panel: ππ scattering phase shift in the iso-
vector channel compared with experimental measurements
(points) [39]. Lower panel: Pion EM formfactor compared to
experimental measurements (points) [40–42]. In each panel,
results of the non-linear (solid curve) and linear (dashed
curve) realization are shown.
IV. IN-MEDIUM SPECTRAL FUNCTIONS
At finite temperature, the breaking of Lorentz sym-
metry splits the 4D-transverse polarization functions at
finite 3-momentum into 3D-transverse, Π⊥, and longitu-
dinal, Π‖, components. The polarization functions in V
and AV channels can thus be decomposed as
ΠµνV,A (p0, |~p|) = Π⊥V,APµνT +Π‖V,APµνL +ΠLV,A
pµpν
p2
, (31)
with the standard 3D-transverse (PµνT ) and -longitudinal
(PµνL ) projection operators
PµνT = δ
ij − p
ipj
|~p| , (32)
PµνL = −gµν +
pµpν
p2
− PµνT . (33)
The spectral functions follow from the usual definitions,
ρ
⊥,‖
V,A = −ImΠ⊥,‖V,A/π. As in vacuum, the gauge symme-
try renders the spectral functions of a form suggestive of
(A)VMD, thus Eq. (15) holds for both 3D polarizations.
9ρ ρ
pi
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(a)
σ
(b)
+
σ σ σ
pi σ
σ
+=
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FIG. 11: Diagrams added for in-medium self-energy cal-
culations. (a) πa1 loop which contributes to the finite-
temperature ρ self-energy. (b) σ lollipop diagrams which con-
tribute to the finite-temperature hadronic self-energies. (c)
Detail of the contributions of the shaded loop in (b). The
cross in the first diagram refers to the tree level contributions.
ρ ρpi
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FIG. 12: Diagrams of the processes contributing to broaden-
ing the ρ spectral function in medium. The last two diagrams
for the Landau contribution are only present when the ρ is
space-like.
A. Finite-T Vector Spectral Function
To calculate the in-medium spectral function, the ρ
self-energies at finite temperature need to be determined.
The same loop diagrams that were considered in vacuum
(cf. upper panel in Fig. 3) are evaluated using standard
thermal field theory techniques. In addition, the πa1
loop needs to be accounted for to maintain the chiral
properties at finite T , cf. Fig. 11(a). The explicit forms
of the loop integrals of each contribution (after the Mat-
subara sums are evaluated) are collected in Appendix D.
The pion tadpole diagram contributes only to the real
part while the other loop diagrams include the effects
from both the unitarity and Landau cuts, representing
the ρ decaying into thermal hadrons and ρ scattering off
a thermal π or a1, respectively, as depicted in Fig. 12.
The linear realization additionally requires the inclusion
of the lollipop diagrams of Fig. 11 where the shaded loop
indicates the sum of a contact interaction and in-medium
π and σ loops. These sets of diagrams do not contribute
in vacuum as they are set to zero to properly regular-
ize the pion mass to its physical value. The thermal and
vacuum widths of the pion and a1 states within the loops
are not taken into account.
The resulting vector spectral functions for the non-
linear realization are presented in Fig. 13 at different
temperatures with total momentum |~p| = 0 (ρ⊥ and ρ‖
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FIG. 13: Vector spectral function in the non-linear realization
at zero momentum for several temperatures.
are degenerate under this condition). We have analyti-
cally verified that there is no shift in M2ρ at order T
2 for
low T . This is confirmed in the full numerical calculation
by the lack of an appreciable shift in the spectral peak
location. Therefore, as temperature increases, the ρ spec-
tral function essentially broadens, although not by much.
The broadening is caused by the Bose-enhanced ρ decay
into ππ (unitarity cut of ππ loop) and by its scattering
off a thermal π into an a1 (Landau cut of the πa1 loop).
The width increase of up to ∼45MeV at T = 160MeV
at the spectral peak is somewhat smaller than in similar
calculations in Refs. [28, 43], due to a zero-width a1 reso-
nance and a larger a1 mass, respectively. The small peak
at M = Ma1 −mpi = 1.06GeV is a threshold effect due
the sharp a1 and pion masses: beyond this mass thermal
pions cannot excite an a1 anymore. The inclusion of the
hadrons’ widths in future calculations will smoothen this
feature out.
Spectral functions at different momenta and a fixed
temperature of T = 150MeV are shown in Fig. 14. The
degeneracy between the 3D-transverse and longitudinal
components for |~p| = 0 is now lifted; the resonance peak
in the 3D-transverse channel shifts to slightly higher ener-
gies while it moves downward in the 3D-longitudinal one.
The amount of breaking between the channels increases
with momentum. The divergence in ρ⊥/s at small invari-
ant masses arises since Σ⊥ρ is finite at the photon point.
On the other hand, the longitudinal spectral functions
vanish at the photon point. The results for the linear
realization are very similar and thus are not presented
here.
B. Finite-T Axial-Vector Spectral Function
In the present work, we focus on the case of |~p| = 0,
therefore ρ⊥A and ρ
‖
A are degenerate and equal to ρ
T
A. The
in-medium a1 self-energy is calculated using the same di-
agrams as in the vacuum, but keeping the vacuum dress-
ing of the ρ propagator. The vertex corrections are also
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FIG. 14: Vector spectral function in non-linear realization
at T=150 MeV for various 3-momenta. Upper panel: 3D-
transverse channel. Lower panel: 3D-longitudinal channel.
evaluated in their vacuum form to be consistent with
the level of approximation that intermediate particles
develop no thermal widths in the current calculations.
The explicit forms of the loop integrals for each contribu-
tion are collected in Appendix D. Both the unitarity and
Landau cut processes, associated with each loop, e.g.,
a1 → ρπ decay and a1π → ρ scattering, respectively,
are accounted for. As in the vector channel, the medium
contribution from the lollipop diagram of Fig. 11(b) with
appropriate external legs is additionally needed for the
finite-temperature a1 self-energy in the linear realization.
The resulting AV spectral functions are presented at
several temperatures in Fig. 15 for both realizations of
chiral symmetry. Several common features emerge which
may be considered as robust. First, the a1 resonance
peak noticeably shifts to lower masses with increasing
temperature. This is caused by both the attractive tad-
pole contributions and the in-medium broadening of the
πρ unitarity cut. This is different from the ρ case where
the in-medium tadpoles generate repulsion. Both real-
izations also develop a secondary peak or shoulder at
somewhat higher masses, around s ≃ 1.6-1.7GeV2. In
the non-linear version the double-peak structure is rather
broad while in the linear version more strength is in the
lower and somewhat narrower peak. These differences
can be traced back to the behavior of the real part of the
inverse AV propagator in vacuum (recall Fig. 9), where
the non-linear version exhibits an extended region close
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FIG. 15: Finite-T axial-vector spectral functions at |~p| = 0 in
non-linear (upper panel) and linear realizations (lower panel).
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FIG. 16: Axial-vector spectral function at T=120 MeV with
Λcut=1.5GeV (solid curve) and Λcut=1.7GeV (dashed curve).
to zero while the linear one has a zero crossing lead-
ing to a well-defined peak. The second robust feature
is the development of a marked low-mass peak around√
s ≃ 0.5GeV, caused by the scattering of an off-shell a1
off thermal pions into the ρ resonance. This process is
related to the well-known “chiral mixing” [44], but eval-
uated with full thermal and finite-pion mass kinematics
(see also Ref. [45]), which results in a peak at masses
significantly lower than the nominal ρ mass.
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To further scrutinize possible model dependencies, let
us return to the question of the cut-off of the integra-
tion over the ρ spectral strength when computing the
real part of the a1 self-energy from a dispersion inte-
gral. In the context of the vacuum calculations, we ar-
gued Λcut = 1.5GeV to be a reasonable choice, to sup-
press (unphysical) high-energy contributions to the imag-
inary part of the a1 self-energy which rapidly increase due
to higher-derivative contributions from large invariant ρ
masses. To study the effect of variations in Λcut on the
finite-T results, we compare in Fig. 16 the a1 spectral
function in the non-linear realization at T = 120MeV
with two different cut-offs, 1.5GeV and 1.7GeV. (The
counter-term parameters are readjusted for the larger
cut-off to recover a vacuum fit.) For masses below 1GeV,
the impact is minimal, but becomes significant above.
Specifically, the larger cut-off produces additional repul-
sion in AV self-energy in the region of the vacuum a1
peak and beyond, leading to a noticeable suppression in
spectral strength especially around s ≃ 1.7GeV, erasing
the higher-mass bump. Even though the Λcut = 1.7GeV
bears some resemblance with the finite-T results of the
linear realization, the variation must be considered as a
model dependence caused by the “fragility” of the real
part in the non-linear realization, another symptom for
the breakdown of the theory as higher-order derivative
contributions become appreciable. The high-energy be-
havior is better controlled with the lower cut-off which
we therefore deem preferable.
V. QUANTIFYING THE APPROACH TO
CHIRAL SYMMETRY RESTORATION
Let us start by visually inspecting the temperature
progression of the vector vs. axialvector spectral func-
tions, cf. Fig. 17 (for better clarity of the medium effects
we did not include the contributions from the excited
states). The stability of the ρ mass together with the
downward shift of the a1 indicate an approach to chi-
ral restoration that is characterized by “burning off” the
chiral mass splitting, rather than a common mass drop.
This mechanism is quite consistent with our independent
recent analysis of Weinberg and chiral sum rules, where
an in-medium hadronic many-body ρ spectral function
(that describes dilepton data) and chiral order parame-
ters from lattice QCD were used as input [10]. Similar
patterns for the ρπa1 system have also been found in
Refs. [19, 28].
While the suggestive trends discussed above are
promising, a key objective of a microscopic approach,
as the one pursued here, is to quantify the amount of
restoration. The natural measure of this are chiral or-
der parameters, such as the chiral condensate, 〈q¯q〉, and
the pion decay constant, F 2pi . In this section, we elabo-
rate how the T dependence of these two quantities can
be calculated within MYM and discuss the results.
A. Pion Decay Constant
The most direct calculation of F 2pi (T ) is following the
same procedure as in vacuum, i.e., from its definition as
the effective coupling between the pion and the axial-
vector current. Alternatively, and more indirectly, we
employ the firstWeinberg sum rule by inserting the finite-
T vector and axial-vector spectral as calculated above.
We will carry out both methods for both realizations.
In vacuum, the AV longitudinal channel serves as a
measure of the chiral properties of the model through
PCAC and has been used as guideline for identifying ver-
tex corrections necessary to preserve the symmetry. At
finite temperature, this channel can be used to extract
the temperature dependence of F 2pi by using Eq. (28).
The key ingredients are the temperature effects on the
self-energies ΣLa1 , Σpia, and Σpipi. These are calculated in
the same manner as discussed above for the a1 transverse
self-energy with ρLA given by Eq. (23), and the loop inte-
grals for each contribution written out in Appendix D.
The dominant contribution to the longitudinal spectral
function is the pion spectral peak, displayed in Fig. 18
for several temperatures. In vacuum, it is a delta func-
tion (not shown) located at the physical pion mass of
139.6MeV, while the T = 100MeV peak extents beyond
the plot. The narrowness of the peak implies the imagi-
nary parts of the self-energies included in ρLA to be small
such that F 2pi (T ) can be well approximated by
F 2pi (T ) = F
2
pi (0) Re
[
F 2
] (
1− ∂ReΣpi/∂p2
)−1∣∣∣
p2=M2
pi
(T )
,
(34)
where F is given by Eq. (24). The resulting temperature
dependence of F 2pi is shown by the solid lines in the up-
per and lower panels of Fig. 19 for non-linear and linear
realizations, respectively. It turns out to be quite compa-
rable between the two realizations, being consistent with
chiral low-temperature expansions and reduced by up to
15-17% at T = 160MeV.
The mechanism which leads to this reduction can be
more readily understood in the non-linear realization.
The reduction is controlled by ReΣapi due to increasing
positive values. As we saw with the mass shifts in the ρ
and a1 spectral peaks, there are two contributions which
can affect this, one from the loops and one from the tad-
poles. The case with Σapi is more similar to Σρ where the
loops and tadpoles provide opposing contributions, with
attractive loops and repulsive tadpoles. As temperature
increases, the two competing sides almost balance each
but with the repulsive terms winning out.
Complementary to the field theory approach is the
calculation of Fpi from the first Weinberg sum rule
(WSR) [46], which relates the first negative moment of
the V minus AV spectral function to F 2pi . For vanishing
3-momentum (|~p| = 0) one has
∫ (
ρTV − ρTA
)
s−1ds =
F 2pi
2
. (35)
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FIG. 17: Temperature progression of vector and axial-vector spectral functions. Upper panel: Non-linear realization. Lower
panel: Linear realization.
Ideally, one would evaluate this equation with just the
in-medium V and AV spectral functions as calculated
above. However, already in vacuum the WSRs are not
satisfied when only the ρ and a1 contributions are ac-
counted for. Excited states, ρ′ and a′1, and/or differ-
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FIG. 18: Pion spectral function at finite temperature in the
non-linear (upper panel) and linear realization (lower panel).
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FIG. 19: Upper panel: Temperature dependence of F 2pi , M
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and their product for the non-linear realization. Lower panel:
Temperature dependence of F 2pi , M
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pi and σ0 for the linear
realization.
ent continuum contributions, are essential to quantita-
tively satisfy the WSRs, see, e.g., the recent discussion
in Ref. [33]. Since the calculation of medium modifica-
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tions of the excited states is currently beyond the scope
of MYM, we will approximate their contribution by a T
independent constant added to the left-hand side of the
Eq. (35). This constant is chosen so that the vacuum
sum rule is satisfied. Assuming the constant to be tem-
perature independent will presumably overestimate F 2pi in
the medium as an expected chiral restoration of the ex-
cited states would lead to a further reduction (this effect
will become stronger for the higher WSRs which involve
higher moments in s). Put differently, we only evaluate
the effects of chiral restoration due to in-medium effects
on the ρ and a1 states. The temperature dependence
of F 2pi calculated in this manner is depicted in Fig. 20.
While it is rather consistent between the two realizations,
its reduction with temperature is more pronounced com-
pared to the evaluation from the longitudinalAV spectral
function. The stronger reduction can have two principal
sources: a lack of vector spectral strength and/or too
much axial-vector spectral strength; low-mass strength,
in particular, affects the negative moment of the first
WSR. An obvious origin of missing strength in the vec-
tor channel is the in-medium dressing of the pions, which
is known to generate a low-mass enhancement in the ρ
spectral function especially through the unitarity cut, but
also through the Landau cut at very low mass (although
suppressed by small pion widths at small 3-momenta). In
addition, in the current calculation, the πa1 Landau cut
only includes a sharp (i.e., zero-width) a1. A more com-
plete calculation of these contributions, which requires
further vertex corrections to preserve gauge symmetry,
would induce extra broadening in the ρ spectral peak.
At the same time, pion broadening is expected to affect
less the low-mass strength of the a1 spectral function.
On the other hand, increased imaginary parts at finite T
in the a1 self-energy could, in fact, lead to a suppression
of the AV spectral function in the energy regime around
s > 1GeV2 (as illustrated in Fig. 16 in the context of
(spurious) vacuum contributions). Thus, it is conceiv-
able that future calculations, involving additional finite-
width effects on all particles in the loops, will increase
(decrease) the V (AV ) contribution to the WSRs and
“stabilize” them.
B. Chiral Condensate
In the linear realization, 〈q¯q〉(T ) can be directly re-
lated to the T dependence of the scalar-field condensate,
σ0(T ). This is determined without relying on any of the
specific spectral functions of the field theory, by minimiz-
ing the scalar potential with respect to σ0. Diagrammat-
ically, this is equivalent to setting the lollipop diagrams
of Fig. 11 to zero and solving for σ0 at each temper-
ature. However, this procedure is not consistent with
the 1-loop treatment that we implement throughout the
present work. The appropriate temperature correction
to the vacuum σ0 at the 1-loop level is rather obtained
from the lollipop diagrams alone, i.e., not solving for σ0.
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FIG. 20: Temperature dependence of F 2pi relative to its vac-
uum value calculated from the first WSR using the non-linear
(solid curve) and linear realization (dashed curve).
One has
σ0(T )
σ0(0)
= 1 +
1
σ0M2σ
(Σpilolli +Σ
σ
lolli) , (36)
with the Σlolli’s quoted in Appendix D. The contributions
of these diagrams are related to the scalar densities of the
pion and sigma, respectively. Therefore, this procedure
is similar to the standard density expansion where the
reduction of the condensate is driven by the increase of
the density of the medium particles (“vacuum cleaner”).
The resulting temperature dependence of σ0 is shown as
the dashed line in Fig. 19. It exhibits a smooth decrease
of up to ∼18% at T = 160MeV.
In the non-linear realization, the chiral condensate can-
not be directly calculated. However, we can take recourse
to calculations of Fpi(T ) and Mpi(T ) to find the T depen-
dence of the chiral condensate through the Gellmann-
Oakes-Renner (GOR) relation,
〈q¯q〉(T )/〈q¯q〉(0) = M2pi(T )F 2pi (T )/M2pi(0)F 2pi (0) . (37)
The temperature dependence of Mpi is determined from
the zero of the real part of the inverse pion propagator in
Eq. (19). We find a very slightly increasing trend at low
temperatures in both realizations (in line with low-T chi-
ral expansions [47]), which, however, turns around into
a ∼5% attraction in the nonlinear case at T = 160MeV,
while the linear case reaches a 2% repulsion at this tem-
perature (see dotted lines in Fig. 19). When evaluat-
ing the quark condensate with GOR, the two realizations
slightly differ because of the added repulsion in pion self-
energy for the linear realization. Furthermore, in the
linear realization, the scalar condensate calculated via ei-
ther GOR or directly gives slightly different results par-
ticularly at higher temperatures. This stems from the
differences between performing a loop expansion rather
than a formal T 2 expansion.
Nevertheless, our overall findings for the temperature
dependence of the chiral order parameters give a fairly
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consistent picture between the two realizations, indicat-
ing that their reduction in temperature is a robust feature
accompanying the approach toward degeneracy in the
spectral functions. Quantitatively, when directly eval-
uated from the low-energy properties of the longitudinal
AV spectral function, the reduction reaches up to ∼15-
20% at T = 160MeV. It is about twice as large when
evaluated with the first WSR, which we tentatively at-
tribute to neglecting higher-order width effects expected
to impact the V channel more strongly than the AV one,
thus taming the reduction.
VI. HADRONIC MECHANISMS OF CHIRAL
SYMMETRY RESTORATION
In this section we put our work into a broader context
and identify future studies to improve our understanding
of hadronic mechanisms leading to chiral restoration.
Hadronic degeneracy is well established in mean-field
approaches of chiral effective hadronic theories, where the
masses of, e.g., the π-σ and ρ-a1, degenerate in the chi-
rally restored phase [21, 29, 48–50]. It remains, however,
rather challenging to conduct these calculations beyond
the mean-field level under the inclusion of finite-width ef-
fects which are essential to obtain realistic spectral func-
tions. As we discussed above, this is a non-trivial task for
the axial-vector spectral function already in vacuum, at
least for local-gauge approaches. On the other hand, our
finite-temperature calculations presented above are car-
ried out in a loop expansion which does not implement in-
medium changes of the underlying hadronic coupling con-
stants. The next step should thus aim at a self-consistent
treatment.
Let us focus on the linear realization of MYM, which
is more readily amenable for treating the transition re-
gion. At the mean-field level, the masses and couplings
are explicit functions of the condensate σ0. We may thus
identify for each mass and coupling a contribution which
is finite for σ0 = 0 and one which vanishes and inter-
pret the latter as due to spontaneous symmetry breaking.
As σ0 is driven to lower values, the symmetry breaking
contributions “burn” off. The seed for this mechanism
is already inherent in our calculations, as confirmed by
the results presented above in terms of the a1 mass ap-
proaching the ρ mass and the accompanying reduction in
the scalar condensate. Extending this all the way to the
restored phase, the bare masses of the chiral partners,
(Mρ,Ma1) and (Mpi,Mσ), will become identical as can
be gleaned from Eq. (7). For the self-energies, at the one
loop level, this implies that the ρ→ ππ and pion tadpole
of Fig. 3 degenerate with the a1 → σπ loop (third dia-
gram in Fig. 4) and the pion tadpole for the a1 (second
diagram in Fig. 3), while all other diagrams vanish, in
particular, the πρ loop in the a1 self-energy and the πa1
loop in the ρ self-energy (since the ρπa1 coupling vanishes
for σ0 = 0). A similar analysis holds for the π and σ self-
energies. With π-σ degeneracy, this implies the V and
AV spectral functions to degenerate as well. This analy-
sis suggests that the mechanism of chiral mixing, which
is the leading effect in the low-T limit induced by the
πρa1 coupling, vanishes at the restoration point, while
a central role is taken by the π-σ degeneracy and the
“burning” of the chiral mass splitting. In this context,
it is interesting to note that a recent lattice computation
of the correlation functions of the nucleon and its chiral
partner, the N∗(1535), also suggests that the main effect
of chiral restoration at finite temperature is a vanishing
of the mass splitting while the nucleon mass itself is little
affected [51].
In practice, a self-consistent field-theoretic implemen-
tation with realistic (broad) spectral distributions re-
mains challenging. The evaluation of σ0(T ) from solv-
ing the gap equation needs to be accompanied by higher
thermal-loop calculations. This will require the dress-
ing of all internal particles with their thermal widths.
The dressed propagators will necessarily precipitate com-
pensating vertex corrections to maintain the symmetries,
some of which will be similar to the types considered here.
To be able to use the full temperature dependence of σ0
in the vertices may also require a resummation of the ver-
tices, or at least casting the vertex corrections in terms
of the relevant self-energies.
To make contact with experimental measurements of
dilepton emission through the vector channel, the effects
of baryons need to be accounted for. Their quantitative
importance in the experimental context is likely to al-
ter the predicted pseudo-critical temperature, but they
might not introduce a qualitatively new mechanism of
chiral restoration, relative to what our pion gas find-
ings in the present analysis suggest. In fact, our afore-
mentioned analysis of QCD and WSRs, using realistic
in-medium spectral functions, indicated that chiral-mass
burning is compatible with dilepton experiments [10].
VII. CONCLUSION
Based on a Massive Yang-Mills implementation of
vector and axial-vector mesons into the chiral pion
Lagrangians which yields vacuum spectral functions
compatible with experiment, we have calculated their
modifications in a hot pion gas. A key feature of
such approaches is that they enable the evaluation of
chiral order parameters within the same framework,
and thus provide connections between chiral restoration
and spectral modifications (which can be measured
in dilepton experiments). Toward this end, we have
carried out a temperature loop expansion encompassing
tadpole and 2-particle loop diagrams as well as ver-
tex corrections associated with the vector and chiral
Ward identities. As a check of the robustness of our
predictions, we have evaluated both spectral functions
and chiral order parameters in both the linear and
non-linear realization of chiral symmetry in the pion
Lagrangian. A fair consistency of the two methods for
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both order parameters and spectral functions is found.
While the ρ meson spectral function undergoes a modest
finite-temperature broadening with a stable pole mass
(in agreement with previous calculations of a similar
kind), the in-medium a1 spectral function exhibits
a significant mass shift toward the ρ meson. These
medium effects are accompanied by a 15-20% reduction
in the scalar condensate and pion decay constant at
T=160MeV, suggesting that the reduction in the a1
mass signals a mechanism of chiral symmetry restoration
whereby chiral mass splittings are burned off. A similar
mechanism also emerged from QCD and Weinberg sum
rule analyses with full hadronic many-body ρ spectral
functions, and from recent thermal lattice-QCD compu-
tations of the correlation functions of the nucleon and
its chiral partner, N∗(1535). We have conjectured that
such a mechanism is quite different from the so-called
chiral mixing and rather involves the degeneracy in
the scalar-pseudoscalar channel as a critical ingredient.
The full embodiment of this mechanism, ultimately
leading to spectral degeneracy in the restored phase,
requires the self-consistent implementation of additional
medium effects beyond the loop expansion, associated
with dressed in-medium propagators (including baryonic
effects), accompanying vertex corrections, and a simul-
taneous solution of the chiral gap equation (which is
more naturally done in the linear realization of MYM).
Work in these directions is in progress.
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Appendix A: Lagrangian couplings for relevant
MYM vertices
In this appendix, we detail the vertex couplings which
were utilized in the calculations of this paper. They fol-
low from the MYM Lagrangian, Eq. (1), upon expansion
in the physical fields, as described in Sec. II.
We begin with the relevant vertices of the non-linear
realization, diagrammatically depicted in Fig. 21. The
resulting Lagrangian terms are as follows:
LnLinρpipi = gρpipi ρµ · π × ∂µπ + g(3)ρpipi ρµν · ∂µπ × ∂νπ (A1)
LnLinρpia1 = C ρµ · π × aµ +Dρµν · π × aµν + E ρµ · ∂νπ × aµν + F ρµν · ∂µπ × aν (A2)
LnLinρρpipi = α1 (π · ρµ π · ρµ − π · π ρµ · ρµ) + α2 (π · ρµν π · ρµν − π · π ρµν · ρµν) (A3)
+α3 (∂µπ · ρµν π · ρν − ∂νπ · ρµν π · ρµ) + α4 (∂µπ · ρν π · ρµν − ∂νπ · ρµ π · ρµν)
+α5 ∂µπ · ρν ∂νπ · ρµ + α6 ∂µπ · ρµ ∂νπ · ρν + α7 (ρµ · ρµν π · ∂νπ − ρν · ρµν π · ∂µπ)
+α8 (∂µπ · ∂µπ ρν · ρν − ∂µπ · ∂νπ ρµ · ρν − ∂µπ · ρν ∂µπ · ρν)
LnLina1a1pipi = β1 (π · aµ π · aµ − π · π aµ · aµ) + β2 (π · aµν π · aµν − π · π aµν · aµν) (A4)
+β3 (∂µπ · aµν π · aν − ∂νπ · aµν π · aµ) + β4 ∂µπ · aν ∂νπ · aµ
+β5 ∂µπ · aµ ∂νπ · aν + β6 (aµ · aµν π · ∂νπ − aν · aµν π · ∂µπ)
+β7 (∂µπ · ∂µπ aν · aν − ∂µπ · ∂νπ aµ · aν − ∂µπ · aν ∂µπ · aν)
LnLinpipipipi = γ1 (π · ∂µπ π · ∂µπ − π · π ∂µπ · ∂µπ) + γ2 (∂µπ · ∂νπ ∂µπ · ∂νπ − ∂µπ · ∂µπ ∂νπ · ∂νπ) (A5)
+γ3 π · π π · π (A6)
LnLina1pipipi = δ1 (aµ · π ∂µπ · π − aµ · ∂µπ π · π) + δ2 (aµν · ∂µπ ∂νπ · π − aµν · ∂νπ ∂µπ · π) (A7)
+δ3 (aµ · ∂µπ ∂νπ · ∂νπ − aµ · ∂νπ ∂µπ · ∂νπ)
In these expressions, two indices on a vector or axial-
vector field represent the field strength, ρµν = ∂µρν −
∂νρµ, and the dot and cross products refer to isospin
space. The couplings can be expressed in terms of the
bare Lagrangian parameters as
C = −g2ρpipi
Fpi√
2
ZpiMa1
Mρ
(A8)
D =
MρZpi√
2FpiMa1
(
1− M
2
a1
M2ρZ
2
pi
)
(A9)
E = −g2ρpipi
Fpi√
2
Zpi
Ma1Mρ
(A10)
F = −
√
2gρpipiFpiZpi
Ma1
Mρ
(
g(3)ρpipi +
gρpipi
2M2ρ
)
(A11)
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FIG. 21: Tree level vertices for both the non-linear and linear realizations used in calculations in this paper.
α1 = −1
2
g2ρpipiZ
2
pi (A12)
α2 = − 1
2F 2pi
(
1− Z
2
piM
2
ρ
M2a1
)
(A13)
α3 =
g2ρpipiF
2
pi
M2ρ
α2 (A14)
α4 = α5 Z
2
pi + α8
M2ρ
M2a1
(A15)
α5 = −gρpipig(3)ρpipi (A16)
α6 = α8 − α5 (A17)
α7 = α3 + α4 (A18)
α8 = −1
2
E2 (A19)
β1 = −α1
M2a1
M2ρZ
2
pi
(A20)
β2 = −α2
M2a1
M2ρZ
2
pi
(A21)
β3 = − (α3 + α4)
M2a1
M2ρZ
2
pi
(A22)
β4 =
(
α5 − α4
g4ρpipiF
4
piZ
2
pi
4M4ρ
)
M2a1
M2ρZ
2
pi
(A23)
β5 = β7 − β4 (A24)
β6 = β3 (A25)
β7 =
(
α8
M2a1
M2ρZ
2
pi
+ α4
g2ρpipiF
2
pi
M2ρ
)
M2a1
M2ρZ
2
pi
(A26)
(A27)
γ1 = −
g2ρpipi
2M2ρ
+
1
3F 2pi
(A28)
γ2 = −
g3ρpipig
(3)
ρpipiF 2pi
2M4ρ
− g
6
ρpipiF
4
pi
16M8ρ
(A29)
γ3 =
M2pi
12F 2pi
(A30)
δ1 = −
√
2gρpipiMa1
3FpiZpiMρ
(
3− Z2pi
)
(A31)
δ2 =
1
gρpipiF 2piZ
2
pi
(
F − EM
2
a1
M2ρZ
2
pi
)
(A32)
−g
3
ρpipiF
2
pi
2M4ρ
D
δ3 =
gρpipiC
M4ρZ
4
pi
(
1− 2M2ρZ2pi
(
2− Z2pi
) F
C
)
(A33)
Note that in vacuum, when the πa1 loop is not included
in the ρ self-energy calculation, the αi couplings need to
be adjusted to preserve gauge symmetry. The result is
α1 = −g2ρpipi/2 and αi = 0 for i 6= 1.
For the linear realization, the same vertices are per-
tinent, though their Lagrangian structure and couplings
are slightly modified from their non-linear counter-parts.
The Lagrangian terms, followed by the couplings, are
given by
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FIG. 22: Tree level vertices unique to the linear realization used in calculations in this paper.
LLinρpipi = gρpipi ρµ · π × ∂µπ + g(3)ρpipi ρµν · ∂µπ × ∂νπ (A34)
LLinρpia1 = C¯ ρµ · π × aµ + D¯ ρµν · π × aµν + E¯ ρµ · ∂νπ × aµν + F¯ ρµν · ∂µπ × aν (A35)
LLinρρpipi = α¯1 (π · ρµ π · ρµ − π · π ρµ · ρµ) + α¯2 (2π · ρµν π · ρµν − π · π ρµν · ρµν) (A36)
+α¯3 (∂µπ · ρµν π · ρν) + α¯4 (∂µπ · ρν π · ρµν)
+α¯5 ∂µπ · ρν ∂νπ · ρµ + α¯6 ∂µπ · ρµ ∂νπ · ρν + α¯7 (ρµ · ρµν π · ∂νπ)
+α¯8 (∂µπ · ∂µπ ρν · ρν − ∂µπ · ∂νπ ρµ · ρν − ∂µπ · ρν ∂µπ · ρν)
LLina1a1pipi = β¯1 (π · aµ π · aµ) + β¯2 (2π · aµν π · aµν − π · π aµν · aµν) (A37)
+β¯3 (∂µπ · aµν π · aν) + β¯4 ∂µπ · aν ∂νπ · aµ
+β¯5 ∂µπ · aµ ∂νπ · aν + β¯6 (aµ · aµν π · ∂νπ)
+β¯7 (∂µπ · ∂µπ aν · aν − ∂µπ · ∂νπ aµ · aν − ∂µπ · aν ∂µπ · aν)
LLinpipipipi = γ¯1 (π · ∂µπ π · ∂µπ) + γ¯2 (∂µπ · ∂νπ ∂µπ · ∂νπ − ∂µπ · ∂µπ ∂νπ · ∂νπ) (A38)
+γ¯3 π · π π · π (A39)
LLina1pipipi = δ¯1 (aµ · π ∂µπ · π) + δ¯2 (aµν · ∂µπ ∂νπ · π) (A40)
+δ¯3 (aµ · ∂µπ ∂νπ · ∂νπ − aµ · ∂νπ ∂µπ · ∂νπ)
C¯ = −g2ρpipiσ0
Ma1
Mρ
(A41)
D¯ =
σ0Mρ
F 2piMa1
λ1 (A42)
E¯ = − g
2
ρpipiσ0
MρMa1
(A43)
F¯ = −2gρpipiσ0Ma1
Mρ
(
g(3)ρpipi +
gρpipi
2M2ρ
)
(A44)
α¯1 = −1
2
g2ρpipiZ
2
pi (A45)
α¯2 = − 1
4F 2pi
(
1− M
2
ρZ
2
pi
M2a1
)
(A46)
α¯3 =
8g2ρpipiσ
2
0
M2ρZ
2
pi
α¯2 (A47)
α¯4 = 2Z
2
piα¯5 + 2
M2a1
M2ρ
α¯8 (A48)
(A49)
α¯5 = −gρpipig(3)ρpipi (A50)
α¯6 = α¯8 − α¯5 (A51)
α¯7 = α¯3 + α¯4 (A52)
α¯8 = −1
2
E¯2 (A53)
β¯1 = −α¯1
M2a1
M2ρZ
2
pi
(A54)
β¯2 = −α¯2
M2a1
M2ρZ
2
pi
(A55)
β¯3 = − (α¯3 + α¯4)
M2a1
M2ρZ
2
pi
(A56)
β¯4 =
(
α¯5 + α¯4
g4ρpipiσ
4
0
2M4ρZ
2
pi
)
M2a1
M2ρZ
2
pi
(A57)
β¯5 = β¯7 − β¯4 (A58)
β¯6 = −
(
α¯3 − α¯4g2ρpipi
) M2a1
M2ρZ
2
pi
(A59)
β¯7 =
(
α¯8
M2a1
M2ρZ
2
pi
+ α¯4
g2ρpipiσ
2
0
M2ρZ
2
pi
)
M2a1
M2ρZ
2
pi
(A60)
(A61)
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γ¯1 =
g2ρpipi
2M2ρ
(
Z2pi − 1
)
(A62)
γ¯2 = −
g3ρpipig
(3)
ρpipiσ20
M4ρZ
2
pi
− g
6
ρpipiσ
4
0
4M2ρZ
4
pi
(
1 + Z2pi
)
(A63)
γ¯3 = −1
4
λZ4pi (A64)
δ¯1 =
g3ρpipiσ0Ma1
M3ρ
(A65)
δ¯2 = −gρpipi
M2ρ
(
F¯ − E¯ M
2
a1
M2ρZ
2
pi
)
(A66)
−2
√
2g3ρpipiσ
3
0
FpiM4ρZ
3
pi
D¯
δ¯3 =
gρpipiC¯
M4ρZ
4
pi
(
1− 2M2ρZ2pi
(
2− Z2pi
) F¯
C¯
)
(A67)
Note that the 3-point vertices are identical between
the two realizations but are written out here to show
their explicit dependence on σ0. In addition, vertices
incorporating the σ field are needed which are depicted
in Fig. 22. The Langrangian terms for these new vertices
and their couplings are given by:
Lσpipi = a1 σ π · π + a2 σ ∂µπ · ∂µπ + a3 ∂µσ π · ∂µπ (A68)
Lσpia1 = b1 ∂µσ π · aµ + b2 σ ∂µπ · aµ + b3∂µσ ∂νπ · aµν (A69)
Lσσσ = −λσ0 σ3 (A70)
Lσρρ = c1 σ ρµν · ρµν (A71)
Lσa1a1 = d1 σ aµ · aµ + d2 σ aµν · aµν + d3 ∂µσ aν · aµν (A72)
Lρρσσ = e1 σ2 ρµν · ρµν (A73)
La1a1σσ = f1 σ2 aµ · aµ + f2 σ2 aµν · aµν + f3 σ∂µσ aν · aµν (A74)
La1piσσ = g1 σ2 ∂µπ · aµ + g2 σ∂µσ ∂νπ · aµν (A75)
Lpipiσσ = h1 σ2π · π + h2 σ2∂µπ · ∂µπ (A76)
(A77)
a1 = −Z2piλσ0 (A78)
a2 = −
g2ρpipiσ0
Z2piM
2
ρ
(A79)
a3 = −
g2ρpipiσ0
M2ρ
(A80)
b1 = gρpipi
Ma1
Mρ
(A81)
b2 = gρpipi
Ma1
Mρ
(
1− 2
Z2pi
)
(A82)
b3 = −2Ma1
Mρ
λ2 (A83)
c1 =
σ0M
2
ρ
2F 2piM
2
a1
λ1 (A84)
d1 =
g2ρpipiσ0M
2
a1
Z2piM
2
ρ
(A85)
d2 = − σ0
2F 2piZ
2
pi
λ1 (A86)
d3 =
2gρpipiσ0M
2
a1
M2ρ
λ2 (A87)
(A88)
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e1 =
M2ρ
4F 2piM
2
a1Z
4
pi
λ1 (A89)
f1 =
g2ρpipiM
2
a1
2Z2piM
2
ρ
(A90)
f2 = − 1
4F 2piZ
2
pi
λ1 (A91)
f3 =
2gρpipiM
2
a1
M2ρ
λ2 (A92)
(A93)
g1 =
g3ρpipiσ0Ma1
M3ρZ
2
pi
(A94)
g2 =
2g2ρpipiσ0Ma1
M3ρ
λ2 (A95)
h1 = −1
2
λZ2pi (A96)
h2 =
g4ρpipiσ
2
0
2M4ρZ
2
pi
(A97)
with
λ1 = 1−
M2a1
M2ρZ
2
pi
, (A98)
λ2 = g
(3)
ρpipi +
g3ρpipiσ
2
0
2M4ρZ
2
pi
. (A99)
Appendix B: Counter-term contributions to each
self-energy
In Sec. III, we presented the MYM Lagrangian for the
counter-terms. In this appendix, we quote the counter-
term contribution to each self-energy having expanded
the Lagrangian in terms of the physical fields. The ex-
pressions are written for the linear realization to indicate
their dependence on σ0, but they are the same for the
non-linear realization upon replacing σ0 = FpiZpi/
√
2.
Σ(CT)ρ (p
2) = κ2V
(
−p2
(
δZ
(2)
A − δγ(2)
2σ20
F 2piZ
2
pi
)
+ p4
(
δZ
(4)
A +
1
2
δγ(4)
2σ20
F 2piZ
2
pi
)
+ p6
(
δZ
(6)
A +
1
2
δγ(6)
2σ20
F 2piZ
2
pi
))
,
Σ(CT)a1 (p
2) = −p2
(
κ2A
(
δZ
(2)
A + δγ
(2) 2σ
2
0
F 2piZ
2
pi
)
− g
2
ρpipiσ
2
0M
2
a1
M2ρZ
2
pi
δZ(2)pi
)
+ p4
(
κ2A
(
δZ
(4)
A −
1
2
δγ(4)
2σ20
F 2piZ
2
pi
)
+
g2ρpipiσ
2
0M
2
a1
2M2ρZ
2
pi
δZ(4)pi
)
+ p6κ2A
(
δZ
(6)
A −
1
2
δγ(6)
2σ20
F 2piZ
2
pi
)
,
ΣL(CT)a1 (p
2) = −g
2
ρpipiσ
2
0M
2
a1
M2ρZ
2
pi
δZ(2)pi −
g2ρpipiσ
2
0M
2
a1
M2ρZ
2
pi
p2δZ(4)pi ,
Σ(CT)api (p
2) = −gρpipiσ0Ma1
MρZ2pi
δZ(2)pi −
gρpipiσ0Ma1
MρZ2pi
p2δZ(4)pi ,
Σ(CT)pipi (p
2) = −Z
2
pi
2
δm2pi −
p2
Z2pi
δZ(2)pi −
p4
Z2pi
δZ(4)pi .
(B1)
Appendix C: Vertex correction diagram discussion
In order to preserve the chiral symmetry in the a1 self-
energy in the presence of a broad ρ, the vertex correction
(VC) diagrams of Fig. 5 along with couplings modified
from their Lagrangian values are needed. This is because
the broadening of the ρ amounts to a partial resumma-
tion of a subset of diagrams. In this appendix, the details
on how these couplings are determined for both the lon-
gitudinal and transverse channels are spelled out.
1. Longitudinal channel
The critical features in deciding whether chiral symme-
try is maintained are the chiral limit relations between
ΣLa , Σapi, and Σpipi as given by Eq. (29). For the discus-
sion here, we will examine the πρ loop in each self-energy.
With the inclusion of the broad ρ, these relationships are
not maintained. Therefore we must expand the aπρ and
the πρπ vertices in the basic πρ loop (first diagram of
bottom row in Fig. 3) to 1-loop order. This is depicted
diagrammatically for the non-linear realization in Fig. 23
where the first diagram is the tree level (point-like) inter-
action and the latter three together form the VC. Using
these modified vertices in the πρ loop leads to new dia-
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pi
ρ
a1
= + + +
pi
ρ
pi
= + + +
FIG. 23: Diagrams depicting the aπρ and ππρ vertices ex-
panded to 1-loop order; the cross represents counter-term con-
tributions.
= + + +
pi
a1a1
pi
= + + +
pi
pipi
pi
FIG. 24: Diagrams depicting the aaππ and ππππ vertices
expanded to 1-loop order; the cross represents counter-term
contributions.
grams indicated in Fig. 5. A similar expansion into a tree
level and a loop contribution can be made for the four-
point vertices of aaππ and ππππ which is shown for the
non-linear realization in Fig. 24, leading to the 3π loop
of Fig. 5. Note that the VCs have the same structure
as the ρ self-energy, i.e., a ππ loop, a π tadpole, and a
counter-term.
With the inclusion of the VCs the πρ loop in the self-
energies ΣLa , Σapi, and Σpipi can be expressed as
ΣL(piρ)a (p
2) = 2i
Λ2
cut∫
0
−1
π
dM2
∫
d4k
(2π)4
Im
[
Dρ(M
2)V 2a (M
2) +
1
2
V 3piaa (M
2)
]
1
k2 −M2pi
1
q2 −M2
(
−1 + (p · q)
2
p2M2
)
,
Σ(piρ)api (p
2) = −2i
Λ2
cut∫
0
−1
π
dM2
∫
d4k
(2π)4
Im
[
Dρ(M
2)Va(M
2)Vp(M
2) +
1
2
V 3piap (M
2)
]
1
k2 −M2pi
1
q2 −M2
(
−1 + (p · q)
2
p2M2
)
,
Σ(piρ)pipi (p
2) = 2i
Λ2
cut∫
0
−1
π
dM2
∫
d4k
(2π)4
Im
[
Dρ(M
2)V 2p (M
2) +
1
2
V 3pipp (M
2)
]
1
k2 −M2pi
1
q2 −M2
(
−p2 + (p · q)
2
M2
)
,
(C1)
where qµ = pµ − kµ, and a dispersion relation for the
ρ propagator has been used including the hard cut-off
referred to in the main text. The 3-point vertices are
represented by Va and Vp and are decomposed into tree
level and VC contributions as
Va = V
tree
a + V
V C
a ,
Vp = V
tree
p + V
V C
p ,
(C2)
where
V treea (q
2) =
(
C + Fq2
)
,
V treep (q
2) = 2
(
gρpipi + g
(3)
ρpipiq
2
)
,
(C3)
for the non-linear realization, while the results for the
linear version are found by replacing C and F with C¯
and F¯ . These couplings are given by the equations in
Appendix A. The 4-point vertices, V 3pi, only have the
VC contribution and are labeled by the external mesons.
In order to ensure that these expressions satisfy the
relations of Eq. (29), the goal is to express the longitudi-
nal self-energies as a coefficient times an integral which
is the same between the different channels. Note that
in the absence of the ρ self-energy and the VCs this is
obtainable and the PCAC relations are realized.
To compensate for the ρ self-energy in the propaga-
tor, the VCs of the 3- and 4-point vertices need to be
proportional to Σρ[54]. One can show that the ππ loop
contribution to the VCs is related to the ππ loop of the
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ρ self-energies, Σ
T (pipi)
ρ , as
V V C(pipi)a (q
2) = −3
4
2δ1 − δ3q2
gρpipi + g
(3)
ρpipiq2
ΣT (pipi)ρ (q
2),
V V C(pipi)p (q
2) = −3 2γ1 + γ2q
2
gρpipi + g
(3)
ρpipiq2
ΣT (pipi)ρ (q
2),
V 3pi(pipi)aa (q
2) =
9
8
(
2δ1 − δ3q2
gρpipi + g
(3)
ρpipiq2
)2
ΣT (pipi)ρ (q
2),
V 3pi(pipi)ap (q
2) =
9
2
(2δ1 − δ3q2)(2γ1 + γ2q2)
(gρpipi + g
(3)
ρpipiq2)2
ΣT (pipi)ρ (q
2),
V 3pi(pipi)pp (q
2) = 18
(
2γ1 + γ2q
2
gρpipi + g
(3)
ρpipiq2
)2
ΣT (pipi)ρ (q
2),
(C4)
for the non-linear realization and
V
V C(pipi)
aLin (q
2) = −1
4
2δ¯1 − 3δ¯3q2
gρpipi + g
(3)
ρpipiq2
ΣT (pipi)ρ (q
2),
V
V C(pipi)
pLin (q
2) = − 2γ¯1 + 3γ¯2q
2
gρpipi + g
(3)
ρpipiq2
ΣT (pipi)ρ (q
2),
V
3pi(pipi)
aaLin (q
2) =
1
8
(
2δ¯1 − 3δ¯3q2
gρpipi + g
(3)
ρpipiq2
)2
ΣT (pipi)ρ (q
2),
V
3pi(pipi)
apLin (q
2) =
1
2
(2δ¯1 − 3δ¯3q2)(2γ¯1 + 3γ¯2q2)
(gρpipi + g
(3)
ρpipiq2)2
ΣT (pipi)ρ (q
2),
V
3pi(pipi)
ppLin (q
2) = 2
(
2γ¯1 + 3γ¯2q
2
gρpipi + g
(3)
ρpipiq2
)2
ΣT (pipi)ρ (q
2),
(C5)
for the linear realization. Again the couplings are as de-
fined above. These results are then generalized to com-
bine all contributions to the VCs through a ρ self-energy
which encompasses a ππ loop, a π tadpole, and counter-
term contributions, e.g.,
V V Ca (q
2) = −3
4
2δ1 − δ3q2
gρpipi + g
(3)
ρpipiq2
ΣTρ (q
2), (C6)
for the first expression in Eq. (C4). This is obtained
by choosing the appropriate couplings associated with
the π tadpole and counter-terms. The apparent energy
dependence of the coupling will be justified a posteriori.
Using these relations between the VCs and ΣTρ allows
for the expressions in Eq. (C1) to be simplified. Further-
more, by choosing the coupling parameters to be
δ1 = −2gρpipiC
3M2ρ
, δ3 =
4g
(3)
ρpipiC
3M2ρ
,
γ1 = −
g2ρpipi
3M2ρ
, γ2 = −2gρpipig
(3)
ρpipi
3M2ρ
,
δ¯1 = −2gρpipiC¯
M2ρ
, δ¯3 =
4g
(3)
ρpipiC¯
3M2ρ
,
γ¯1 = −
g2ρpipi
M2ρ
, γ¯2 = −2gρpipig
(3)
ρpipi
3M2ρ
,
(C7)
which are different from their Lagrangian values, these
expressions have the desired form of a coefficient times a
generic integral. This integral is different from the case
of a zero-width ρ, but it is still the same for the differ-
ent channels. With these choices of parameters, we can
also verify that Eq. (29) is satisfied, thus chiral symme-
try is preserved. Returning to the proportionality fac-
tor between the VCs and ΣTρ , we see that for the given
choice of parameters in Eq. (C7), this factor becomes en-
ergy independent which justifies the generalization that
we postulated.
2. Transverse channel
For the transverse channel, ΣTa has a more complicated
form, given by
ΣT (piρ)a (p
2) = 2i
∫
− 1
π
dM2
∫
d4k
(2π)4
(
Im
[
Dρ(M
2)(V T1a (M
2))2 +
1
2
V 3pi1 (M
2)
]
1
k2 −M2pi
1
q2 −M2
+ Im
[
2Dρ(M
2)V T1a (M
2)V T2a (M
2) +
1
2
V 3pi2 (M
2)
]
p · q
k2 −M2pi
1
q2 −M2
+ Im
[
Dρ(M
2)(V T2a (M
2))2 +
1
2
V 3pi3 (M
2)
]
(p · q)2
k2 −M2pi
1
q2 −M2
+ Im
[
Dρ(M
2)
(
(V T1a (M
2))2 − (V T2a (M2))2p2M2
)
+
1
2
V 3pi4 (M
2)
]
1
k2 −M2pi
1
q2 −M2
1
3M2
(
−q2 + (p · q)
2
p2
))
.
(C8)
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where qµ = pµ − kµ. Note that when evaluating this in-
tegral using dimensional regulation, the 1/3 in the last
term becomes a 1/(δ-1) where δ is the number of dimen-
sions. The vertex functions, V T1a and V
T2
a , can again be
decomposed into a tree level part and a VC part as
V T1a = V
tree
1 + V
V C
1 ,
V T2a = V
tree
2 + V
V C
2 .
(C9)
The tree level terms are expressed as
V tree1 (q
2) = C − Ep2 + Fq2,
V tree2 (q
2) = 2D + E − F, (C10)
for the non-linear realization, with the expressions for
the linear realization found by replacing C, D, E, and F
with C¯, D¯, E¯, and F¯ . The functions V 3pi are associated
with the 3π diagram’s contribution and are entirely a VC
contribution.
To determine the functional form of the VCs, we utilize
the same procedure as described above for the longitu-
dinal channel of relating the VC loops to ΣTρ with the
proportionality factor guided by the result from the ππ
loop. To make the connection with chiral symmetry, we
use the same values for the couplings, δ1, δ3, γ1, γ2 and
the barred versions, as was determined in the longitudinal
mode. Additionally, the transverse self-energy depends
on the parameter δ2, which is not fixed by the previous
considerations, but is chosen to be 0. This leads to the
following expressions for the vertex functions in the non-
linear realization,
V V C1 (q
2) = −3
4
2δ1 − δ3q2
gρpipi + g
(3)
ρpipiq2
ΣTρ (q
2),
V V C2 (q
2) = −3
4
δ3
gρpipi + g
(3)
ρpipiq2
ΣTρ (q
2),
V 3pi1 (q
2) =
9
8
(
2δ1 − δ3q2
gρpipi + g
(3)
ρpipiq2
)2
ΣTρ (q
2),
V 3pi2 (q
2) =
9
4
(
2δ1 − δ3q2
)
δ3(
gρpipi + g
(3)
ρpipiq2
)2ΣTρ (q2),
V 3pi3 (q
2) =
9
8
δ23(
gρpipi + g
(3)
ρpipiq2
)2ΣTρ (q2),
V 3pi4 (q
2) =
9
8
(
2δ1 − δ3q2
)2 − δ23q2p2(
gρpipi + g
(3)
ρpipiq2
)2 ΣTρ (q2),
(C11)
and in the linear realization,
V V C1Lin(q
2) = −1
4
2δ¯1 − 3δ¯3q2
gρpipi + g
(3)
ρpipiq2
ΣTρ (q
2),
V V C2Lin(q
2) = −3
4
δ¯3
gρpipi + g
(3)
ρpipiq2
ΣTρ (q
2),
V 3pi1Lin(q
2) =
1
8
(
2δ¯1 − 3δ¯3q2
gρpipi + g
(3)
ρpipiq2
)2
ΣTρ (q
2),
V 3pi2Lin(q
2) =
3
4
(
2δ¯1 − 3δ¯3q2
)
δ¯3(
gρpipi + g
(3)
ρpipiq2
)2ΣTρ (q2),
V 3pi3Lin(q
2) =
9
8
δ¯23(
gρpipi + g
(3)
ρpipiq2
)2ΣTρ (q2),
V 3pi4Lin(q
2) =
1
8
(
2δ¯1 − 3δ¯3q2
)2 − 9δ¯23q2p2(
gρpipi + g
(3)
ρpipiq2
)2 ΣTρ (q2).
(C12)
Lastly, we note that the broad ρ and VCs modify the
ρπa1 coupling such that Σ
T
a develops a mass shift at low
temperatures of O(T 2). To address this issue, we ex-
ploit the freedom associated with the partial resumma-
tion and the counter-terms, in particular those associ-
ated with V V C2 . Choosing this term (rather than V
V C
1
which figures into the longitudinal channel, see first line
of Eq. (C4) or (C5)) ensures that the following proce-
dure does not affect the longitudinal mode which would
disrupt the chiral relations in that channel. Because the
divergence in the ρ self-energy grows like q6, the counter-
terms have the general form of
V
V C(counter)
2 (q
2) = A1q
2 +A2q
4 +A3q
6, (C13)
where the coefficients Ai contain both the finite and infi-
nite contributions of the counter-terms. Just as the nom-
inal couplings are different from their Lagrangian values,
so can the counter-terms. Therefore, we exploit this free-
dom and redefine V V C2 as
V V C2 (q
2) = −3
4
δ3
gρpipi + g
(3)
ρpipiq2
ΣTρ (q
2) + η1q
2 + η2q
4 + η3q
6,
V V C2Lin(q
2) = −3
4
δ¯3
gρpipi + g
(3)
ρpipiq2
ΣTρ (q
2) + η¯1q
2 + η¯2q
4 + η¯3q
6,
(C14)
where the finite contributions of the Ai’s are partitioned
between a part which contributes to ΣTρ (making use of a
derivative expansion for the fraction) and the ηi’s (η¯i’s).
We determine η1 (η¯1) by requiring that the low temper-
ature real part of ΣTa at an energy of Ma1 is identical to
the case without VCs and ρ self-energies to recover the
correct chiral behavior of no mass shift atO(T 2). In prin-
ciple, η2 (η¯2) and η3 (η¯3) are two additional parameters.
However, at this point we only make use of adjusting η2
(η¯2) and set η3 (η¯3) to zero for simplicity. The parameter
values are η1 = 1.51GeV
−1, η2 = −1.805GeV−3, η3 = 0,
η¯1 = 1.108GeV
−1, η¯2 = −2.042GeV−3, and η¯3 = 0.
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Appendix D: Loop integrals for finite temperature
self-energy calculation
In this section, we present the loop integrals to be
evaluated for the finite temperature calculations of the
self-energies. In each case, we have already performed
the sum over Matsubara frequencies. Terms which are
not proportional to a thermal Bose factor are associated
with vacuum contributions.
The self-energy of a h → h1h2 → h loop diagram has
the generic form
Σ(p0, |~p|) =
∫
d3k
(2π)3
1
4Eh1(
~k)Eh2(~p− ~k)
×
(
1
p0 − Eh1(~k)− Eh2(~p− ~k) + iǫ
[(
1
2
+ fB(Eh1(
~k))
)
V(Eh1(~k)) +
(
1
2
+ fB(Eh2(~p− ~k))
)
V(p0 − Eh2(~p− ~k))
]
+
1
p0 + Eh1(
~k)− Eh2(~p− ~k) + iǫ
[(
1
2
+ fB(Eh1(
~k))
)
V(−Eh1(~k))−
(
1
2
+ fB(Eh2(~p− ~k))
)
V(p0 − Eh2(~p− ~k))
]
− 1
p0 − Eh1(~k) + Eh2(~p− ~k) + iǫ
[(
1
2
+ fB(Eh1(
~k)
)
V(Eh1(~k))−
(
1
2
+ fB(Eh2(~p− ~k))
)
V(p0 + Eh2(~p− ~k))
]
− 1
p0 + Eh1(~k) + Eh2(~p− ~k) + iǫ
[(
1
2
+ fB(Eh1(
~k))
)
V(−Eh1(~k)) +
(
1
2
+ fB(Eh2(~p− ~k))
)
V(p0 + Eh2(~p− ~k))
])
.
(D1)
Throughout, we use the notation Eh(~k) = (|~k|2+M2h)1/2
for the on-shell energies of hadron h. In the integral, h1
and h2 are determined by the diagram in question, and
will be specified for each case below. The Bose distribu-
tions are given by fB(E) = (eE/T − 1)−1. The function
V(E) is related to the vertices and is unique for each
diagram; it generically depends on combinations of p0,
~p, and ~k, while its dependence on an energy argument
is specified in the expression above and in the follow-
ing ones. In the self-energy, Eq. (D1), the first term is
associated with the decay process (or unitarity cut) in-
cluding final-state Bose enhancement. The second and
third terms are associated with scattering processes (or
Landau cuts) where the thermal mesons are h1 and h2,
respectively. The fourth term is the unitarity cut for
negative energies, ensuring the retarded property of the
self-energy.
The tadpole diagrams are completely real and have a
simpler structure and will be quoted in due course.
1. Vector channel
We begin with the ρ self-energy. At finite tempera-
ture, we consider the case of finite 3-momentum, induc-
ing different 3D-transverse, Σ⊥ρ , and -longitudinal, Σ
‖
ρ,
self-energies. For the non-linear realization, each of these
self-energies is comprised of three diagrams: the ππ loop
(first diagram of the top row in Fig. 3), the π-tadpole
(second diagram of the top row in Fig. 3), and the πa1
loop (diagram in in Fig. 11(a)). The linear realization
allows for three new diagrams because of the explicit σ
field: a σ tadpole (first diagram in Fig. 4), a σρ loop
(second diagram in Fig. 4), and a lollipop diagram (first
diagram in Fig. 11(b)).
For the ππ loop, the self-energy is in the form of
Eq. (D1) with Mh1 = Mh2 = Mpi. For Σ
⊥
ρ , the vertex
function reads
V(pipi)⊥ (k0) = 2
(
gρpipi + g
(3)
ρpipip
2
)2
|~k|2(1 − x2) (D2)
while for Σ
‖
ρ it is given by
V(pipi)‖ (k0) = 4
(
gρpipi + g
(3)
ρpipip
2
)2
×
(
−k20 + |~k|2x2 +
(p · k)2
p2
)
.
(D3)
In these expressions, p2 = p20 − |~p|2, k2 = k20 − |~k|2, p ·
k = p0k0 − ~p · ~k, and x = cos(θ) with θ being the angle
between ~p and ~k. We will use this notation throughout
this section. The above two contributions are identicl for
the two realizations.
For the π tadpole the two self-energies in the non-linear
realization are
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Σ⊥(piTad)ρ (p0, |~p|) = −2
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
[
α1 + 2α2p
2 − α8
(
M2pi +
1
2
(
|~k|2 − (~p ·
~k)2
|~p|2
))]
,
Σ‖(piTad)ρ (p0, |~p|) = −2
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
[
α1 + 2α2p
2 − α8
(
p20Epi(
~k)2
p2
+
(
~p · ~k
)2( 1
p2
+
1
|~p|2
)
− |~k|2
)]
,
(D4)
and for the linear realization
Σ
⊥(piTad)
ρLin (p0, |~p|) = −2
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
[
α¯1 + α¯2p
2 − α¯8
(
M2pi +
1
2
(
|~k|2 − (~p ·
~k)2
|~p|2
))]
,
Σ
‖(piTad)
ρLin (p0, |~p|) = −2
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
[
α¯1 + α¯2p
2 − α¯8
(
p20Epi(
~k)2
p2
+
(
~p · ~k
)2( 1
p2
+
1
|~p|2
)
− |~k|2
)]
.
(D5)
For the πa1 loop, the self-energy is of the form in Eq. (D1) with Mh1 = Mpi and Mh2 = Ma1 . For Σ
⊥
ρ , the
3D-transverse vertex function is given by
V(pia1)⊥ (k0) = 2
(
C − (2D − E − F )p · k + 2Dp2 − Ek2)2 + (1− x2) |~k|2
M2a1
× (p2(2CF −M2a1(4D(D + E − F ) + F 2) + F 2p2) + E2M2a1(k2 − 2p · k −M2a1)) ,
(D6)
and for the 3D-longitudinal part
V(pia1)‖ (k0) = 2
(
C − (2D − E − F )p · k + 2Dp2 − Ek2)2 + 1
M2a1
(
−k20 + |~k|2x2 +
(p · k)2
p2
)
× (p2(2CF −M2a1(4D(D + E − F ) + F 2) + F 2p2) + E2M2a1(k2 − 2p · k −M2a1))
(D7)
For the linear realization V⊥ and V‖ are identical but
with the couplings C, D, E, F replaced by C¯, D¯, E¯, F¯ .
The σ tadpole provides the same contribution to both
the 3D-transverse and -longitudinal self-energies and is
given by
Σ
⊥/‖(σTad)
ρLin (p0, |~p|) = e1p2
∫
d3k
(2π)3
1 + 2fB(Eσ(~k))
Eσ(~k)
.
(D8)
The σρ loop contribution has the form of Eq. (D1) with
Mh1 = Mσ and Mh2 = Mρ. The functions V for the two
polarizations are:
V(σρ)⊥Lin(k0) = (4c1)2
[(
p2 − p · k)2 − 1
2
p2|k|2(1− x2)
]
,
V(σρ)‖Lin(k0) = (4c1)2
[(
p2 − p · k)2 − p2
(
−k20 +
(p · k)2
p2
+
(~p · ~k)2
|~p|2
)]
.
(D9)
Finally, for the ρ self-energy, the contribution from the lollipop diagrams is identical for the two polarizations,
Σ
⊥/‖(lolli)
ρLin (p0, |~p|) =
4c1p
2
M2σ
(Σpilolli +Σ
σ
lolli) . (D10)
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The terms Σpilolli and Σ
σ
lolli are associated with the pion
and sigma loops in the diagram of Fig. 11(c) and read
Σpilolli = −Zpiσ0
(
λ+
g2ρpipiM
2
pi
M2ρZ
2
pi
)
×
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
2Epi(~k)
,
Σσlolli = −3λσ0
∫
d3k
(2π)3
1 + 2fB(Eσ(~k))
2Eσ(~k)
.
(D11)
2. Axial-vector channel
In the AV and pion channels, there are four self-
energies, the a1 self-energy for the 4D-transverse and -
longitudinal channels (ΣTa1 and Σ
L
a1) the pion self-energy
(Σpipi), and the a1− π transition self-energy (Σapi). Each
self-energy has two contributions in both realizations, a
πρ loop and a π-tadpole, as shown in the bottom row
of Fig. 3, and an additional four contributions which are
unique to the linear realization, a πσ loop, a σ tadpole,
a σa1 loop, and a lollipop diagram (cf. the last three
diagrams in Fig. 4 and Fig. 11(b), all with appropriate
external legs). In this paper, only the zero-momentum
case is analyzed for these self-energies. Thus expressions
will be presented only for this case.
The πρ loop within the AV channel is more involved
than the expressions already presented because of the
resummed ρ propagator and associated VCs, which in-
volve an additional integral. Because we are concerned
only with the vacuum broadening of the ρ meson and
the vacuum VCs, this additional integral is only over the
invariant mass of the ρ meson.
The transverse a1 self-energy can be written in the
form
ΣT (piρ)a1 (p0) =
Λ2
cut∫
0
−1
π
dM2
(
Im
[
Dρ(M
2)
]
Σ˜1(p0)
+Im
[
Dρ(M
2)
((
V T1a (M
2)
)2 − (V T2a (M2))2p20M2)+ 12V 3pi4 (M2)
]
1
3
Σ˜2(p0)
)
,
(D12)
where the integration is over the invariant mass of the
resummed ρ meson. The vertex functions, V T1a , V
T2
a ,
and the V 3pii s, are evaluated in the vacuum (specific to
the realization) and have been quoted in the previous
section. The temperature dependence of the integral in
Eq. (D12) resides in the functions Σ˜1 and Σ˜2. They are
of the form of Eq. (D1) with Mh1 = Mpi and Mh2 = M
(the ρ’s invariant mass) and vertex functions
V1(k0) = 2
[(
V T1a (q
2) + p0(p0 − k0)V T2a (q2)
)2
+
1
2
D−1ρ (q
2)
(
V 3pi1 (q
2) + p0(p0 − k0)V 3pi2 + p20(p0 − k0)2V 3pi3
)]
(D13)
for the former (with q2 = (p0− k0)2− |~k|2) and V2(k0) =
2|~k|2/M2 for the latter. Additionally, to preserve the re-
tarded properties of the self-energy and because we have
integrate over M2, the calculation of Σ˜1 requires using
the complex conjugate, V∗1 (p0 + Eh2). The VC loop in-
tegrals are again the same as presented in the previous
section.
For ΣLa1 , Σapi and Σpipi, the πρ loop contribution (in
both realizations) has the form
26
ΣL(piρ)a (p0) =
Λ2
cut∫
0
−1
π
dM2Im
[
Dρ(M
2)V 2a (M
2) +
1
2
V 3piaa (M
2)
]
Σ˜2(p0),
Σ(piρ)api (p0) = −
Λ2
cut∫
0
−1
π
dM2Im
[
Dρ(M
2)Va(M
2)Vp(M
2) +
1
2
V 3piap (M
2)
]
Σ˜2(p0),
Σ(piρ)pipi (p0) =
Λ2
cut∫
0
−1
π
dM2Im
[
Dρ(M
2)V 2p (M
2) +
1
2
V 3pipp (M
2)
]
Σ˜2(p0),
(D14)
where the integration is over the invariant mass of the
dressed ρ meson. This is similar to the vacuum structure
of Eq. (C1). The function Σ˜2 is the same as described
above, encoding the temperature dependence. The per-
tinent vertex functions for each realization are given by
their vacuum forms as presented in the previous section.
For the longitudinal self-energies, the πρ loop also has
an additional term which is completely real and thereby
cannot be expressed in a form similar to the above ex-
pressions. These extra terms are
ΣL(extra)a1 (p0) =
C2
M2ρ
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
,
Σ(extra)api (p0) = −
gρpipiC
M2ρ
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
,
Σ(extra)pipi (p0) =
g2ρpipi
M2ρ
(
p20 +M
2
pi
) ∫ d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
.
(D15)
They are the same in the linear realization except for replacing C by C¯.
The pion tadpole contributions in the non-linear realization are as follows:
ΣT (piTad)a1 (p0) = −2
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
(
β1 + 2β2p
2
0 − β7
(
M2pi +
1
3
|~k|2
))
,
ΣL(piTad)a1 (p0) = 2
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
(
β1 + β7|~k|2
)
,
Σ(piTad)api (p0) = −
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
(
δ1 + δ3|~k|2
)
,
Σ(piTad)pipi (p0) = 2
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
(
γ1(p
2
0 +M
2
pi)− 2γ2p20|~k|2 − 5γ3
)
,
(D16)
and in the linear realization
Σ
T (piTad)
a1Lin
(p0) =
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
(
β¯1 − 2β¯2p20 + 2β¯7
(
M2pi +
1
3
|~k|2
))
,
Σ
L(piTad)
a1Lin
(p0) = −
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
(
β¯1 − 2β¯7|~k|2
)
,
Σ
(piTad)
apiLin (p0) =
1
2
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
(
δ¯1 − 2δ¯3|~k|2
)
,
Σ
(piTad)
pipiLin (p0) = −
∫
d3k
(2π)3
1 + 2fB(Epi(~k))
Epi(~k)
(
γ¯1(p
2
0 +M
2
pi) + 4γ¯2p
2
0|~k|2 + 10γ¯3
)
.
(D17)
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For the σ tadpole, the self-energies are given by
Σ
T (σTad)
a1Lin
(p0) =
(
f1 + 2f2p
2
0
) ∫ d3k
(2π)3
1 + 2fB(Eσ(~k))
Eσ
,
Σ
L(σTad)
a1Lin
(p0) = −f1
∫
d3k
(2π)3
1 + 2fB(Eσ(~k))
Eσ
,
Σ
(σTad)
apiLin (p0) =
g1
2
∫
d3k
(2π)3
1 + 2fB(Eσ(~k))
Eσ
,
Σ
(σTad)
pipiLin (p0) = −(h1 + h2p20)
∫
d3k
(2π)3
1 + 2fB(Eσ(~k))
Eσ
.
(D18)
The πσ loop has the structure of Eq. (D1) with Mh1 = Mpi and Mh2 =Mσ and vertex functions
VT (piσ)a1Lin (k0) =
1
3
|~k|2 (b1 − b2 − b3p20)2 ,
VL(piσ)a1Lin (k0) = (b1p0 + k0(b2 − b1))
2 ,
V(piσ)apiLin(k0) = −
1
p20
(
b1p
2
0 − (b1 − b2) p0k0
) (
2a1 + 2 (a2 − a3) k0p0 + a3
(
k2 + p20
))
,
V(piσ)pipiLin(k0) =
(
2a1 + 2a2p0k0 + a3(p
2
0 − 2p0k0 + k2)
)2
.
(D19)
The σa1 loop has the structure given in Eq. (D1) with Mh1 = Mσ, Mh2 = Ma1 and vertex functions for each
channel defined as:
VT (σa1)a1Lin (k0) =
(
2d1 + d3k
2 − 4d2k0p0 + 4d2p20
)2
+
1
3
|~k|2
M2a1
(
4d21 + 4d1d3(M
2
a1 + p
2
0) + d
2
3(k
2M2a1 − 2M2a1k0p0 −M2a1p20 + p40) + 16d2p20M2a1(d3 − d2)
)
,
VL(σa1)a1Lin (k0) = −
(
2d1 + d3(p
2
0 − 2p0k0 + k2)
)2
− p0 − k0
p0M2a1
(
4d21 + 4d1d3M
2
a1 + d
2
3M
2
a1(p
2
0 − 2p0k0 + k2)
)
,
V(σa1)apiLin(k0) = −
1
M2a1p
2
0
(
2d1
(
b1
(
k2p20 + k
2
0p
2
0 − k0p0(k2 −M2a1 + p20)
)
+ b2(k
2
0p
2
0 − 2k0p30 −M2a1p20 + p40) + b3M2a1p20|~k|2
)
+d3M
2
a1p
2
0|~k|2
(
b2 − b1 + b3(k2 − 2k0p0 + p20)
))
,
V(σa1)pipiLin(k0) = (b1 − b2 − b3(p20 − 2p0k0 + k2))2
(
−p20 +
(p20 − p0k0)2
M2a1
)
+
1
M2a1
(
p20 − 2p0k0 + k2 −M2a1
) (
2(b1 − b2 − b3(p20 − 2p0k0 + k2))(b3(p20 − p0k0)− b1)(p20 − p0k0)
+
(
b3(p
2
0 − p0k0)− b1
)2
(p20 − 2p0k0 + k2)
)
.
(D20)
The last contributions are the lollipop diagrams which read
Σ
T (Lolli)
a1Lin
(p0) =
(
2d1 + 4d2p
2
0
) 1
M2σ
(Σpilolli +Σ
σ
lolli) ,
Σ
L(Lolli)
a1Lin
(p0) =
2d1
M2σ
(Σpilolli +Σ
σ
lolli) ,
Σ
(Lolli)
apiLin (p0) =
b2
M2σ
(Σpilolli +Σ
σ
lolli) ,
Σ
(Lolli)
pipiLin(p0) =
−2(a1 + a2p20)
M2σ
(Σpilolli +Σ
σ
lolli) .
(D21)
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